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Abstract
We show that if a homeomorphism between the ideal boundaries of two Fuchsian buildings preserves the combi-
natorial cross ratio almost everywhere, then it extends to an isomorphism between the Fuchsian buildings. Together
with the results of Bourdon–Pajot and Kleiner, it implies the quasi-isometric rigidity for Fuchsian buildings: any
quasi-isometry between two Fuchsian buildings that admit cocompact lattices must lie at a ﬁnite distance from an
isomorphism.
 2005 Elsevier Ltd. All rights reserved.
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1. Introduction
In this paper we study the quasi-isometric rigidity of Fuchsian buildings.
The ﬁrst quasi-isometric rigidity theorem is due to Pansu [21]. He showed that any quasi-isometry
between quarternionic hyperbolic spaces or Cayley hyperbolic plane lies at a ﬁnite distance from an
isometry. Later, using asymptotic cones, Kleiner and Leeb [19] proved the same statement for irreducible
higher rank (nonpositively curved) symmetric spaces and Euclidean buildings. M. Kapovich, B. Kleiner,
B. Leeb andR. Schwartz established quasi-isometric rigidity for the class of spaceswhich are the universal
covers of compact (real) hyperbolic manifolds with nonempty totally geodesic boundaries and dimension
3. There are also spaces where quasi-isometric rigidity holds for purely topological reasons: Kapovich
and Kleiner [18] have constructed word hyperbolic groups G such that the group of homeomorphisms of
the Gromov boundary of G equals G.
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Let R be a convex compact polygon in the hyperbolic plane whose angles are of the form /m,m ∈ Z,
m2. The group generated by the reﬂections about the edges of R is a Coxeter groupW, andW(R) is a
tessellation of the hyperbolic plane. The hyperbolic plane equipped with such a tessellation is the Coxeter
complex ofW.A two-dimensional hyperbolic building  (see Section 2 for the deﬁnition) with chamber R
is a piecewise hyperbolic 2-complex which has nice local structure and contains plenty of subcomplexes
isomorphic to the Coxeter complex of W. Each 2-cell of  is isometric to R and is called a chamber.
Each subcomplex of  isomorphic to the Coxeter complex is called an apartment. In particular, any two
chambers of  are contained in a common apartment.  with the path metric is a CAT(−1) space. Each
geodesic in  is also contained in an apartment. The vertex links of  are generalized polygons (see [22]).
There is a combinatorial map f :  → R such that the restriction of f to each chamber is an isometry. A
two-dimensional hyperbolic building  is a Fuchsian building if for each edge e of R there is an integer
qe2 such that any edge of  that is mapped to e under f is contained in exactly qe + 1 chambers.
Fuchsian buildings were introduced by Bourdon [5]. He constructed a family of metrics, called combi-
natorial metrics, on the ideal boundaries of Fuchsian buildings, and showed that these metrics realize the
conformal dimension in the class of visual metrics. Bourdon and Pajot [6] then showed that the bound-
ary satisﬁes Poincare inequalities. Based on these work, they proved the quasi-isometric rigidity for the
class of Fuchsian buildings whose chambers are right angled regular polygons [7]. They conjectured that
quasi-isometric rigidity holds for all Fuchsian buildings.
Theorem 1.1. Let 1, 2 be two Fuchsian buildings, and g : 1 → 2 a quasi-isometry. If 1, 2 admit
cocompact lattices, then g lies at a ﬁnite distance from an isomorphism.
One cannot claim that g lies at a ﬁnite distance from an isometry as in the (irreducible) symmetric space
case. Two convex compact polygons R1 and R2 in the hyperbolic plane are said to be angle-preserving
isomorphic if there is an isomorphism from R1 to R2 that preserves the angles at the vertices. Let  be
a Fuchsian building with chamber R, and R′ a polygon angle-preserving isomorphic to R. Then it is not
hard to see that one obtains a Fuchsian building ′ by replacing each chamber of  by a copy of R′.
The building ′ is clearly isomorphic to , but is not isometric to  when R and R′ are not isometric. A
convex compact polygon R is called normal if it has an inscribed circle that touches all its edges. By a
result in Beardon’s book (see [2, Theorem 7.16.2]) each convex compact polygon R is angle-preserving
isomorphic to a unique normal polygon R′. Theorem 1.1 can be restated as follows.
Theorem 1.2. Let 1, 2 be two Fuchsian buildings whose chambers are normal, and g : 1 → 2 a
quasi-isometry. If 1, 2 admit cocompact lattices, then g lies at a ﬁnite distance from an isometry.
We notice that quasi-isometric rigidity is much stronger than the classical Mostow type rigidity: the
quasi-isometry is not assumed to be equivariant. In particular, as immediate consequences of the quasi-
isometric rigidity, we have the following corollaries.
Corollary 1.3. Let 1, 2 be two Fuchsian buildings whose chambers are normal, and G a group acting
properly and cocompactly on both 1 and 2. Then 1 and 2 are equivariantly isometric.
Corollary 1.4. Let  be a Fuchsian building that admits a cocompact lattice, and G a ﬁnitely generated
group quasi-isometric to . Then there is a ﬁnite normal subgroupNG such thatG/N has a ﬁnite index
subgroup isomorphic to a cocompact lattice in Isom().
X. Xie / Topology 45 (2006) 101–169 103
One main ingredient in the proof of Theorem 1.1 is the following result, whose proof is the main
content of the paper.
Theorem 1.5. Let 1, 2 be two Fuchsian buildings, and h : 1 → 2 a homeomorphism that
preserves the combinatorial cross ratio almost everywhere. Then h extends to an isomorphism from 1
to 2, that is, there is an isomorphism f : 1 → 2 such that h agrees with the boundary map of f.
Equippedwith the combinatorial metric, the ideal boundary of a Fuchsian building is anAhlfors regular
Loewner space (see [4–7]). Kleiner [17] has proved that the cotangent bundle of the ideal boundary of
a Fuchsian building is one-dimensional, and that the full quasiconformal group of a compact Ahlfors
regular Loewner space whose cotangent bundle is one-dimensional is uniformly quasiconformal (see
Section 4.1 for the deﬁnition). Theorem 1.1 then follows from Theorem 1.5 by the arguments in [7]. The
reader is referred to [10] for the notion of cotangent bundle for a metric measure space (see also [27]).
Next we explain the proof of Theorem 1.5.
Let h : 1 → 2 be a homeomorphism between the ideal boundaries that preserves the combinatorial
cross ratio (see Section 3.3 for deﬁnition) almost everywhere. It is not hard to show that for ,  in the
ideal boundary of a Fuchsian building , whether  is contained in the 1-skeleton can be detected by the
behavior of the combinatorial cross ratio (see Lemma 3.11). It follows that if  (,  ∈ 1) is a geodesic
contained in the 1-skeleton of 1, then h()h() is contained in the 1-skeleton of 2. We call h()h()
the image of . The key is to show that for any ﬁxed vertex v ∈ 1, the images of all the geodesics in
the 1-skeleton of 1 through v intersect in a unique vertex w in 2. Then it is not hard to see that the
map v → w is a 1–to–1 map between the vertices that extend to an isomorphism from 1 to 2. One ﬁrst
needs to show that if c1, c2 are two intersecting geodesics contained in the 1-skeleton of an apartment of
1 then their images intersect in a vertex.
Let  be a Fuchsian building, and  ∈  a point represented by a ray  : [0,∞)→  contained in the
1-skeleton. Let 1, 2 ∈ ∪ −{} be such that 1∩= 2∩=∅. We parameterize i (i=1, 2) by
i : [0,∞)→  such that i(t) and (t) lie on the same horosphere centered at . Since  is CAT(−1),
we have d(i(t), (t)) → 0 as t → ∞. We say 1 and 2 lie at different sides of  if 1(t) and 2(t) lie
in different chambers for all t.
Deﬁnition 1.6. Let 1, 2, 1, 2 ∈  be pairwise distinct such that the geodesics 12, 12 are contained
in the 1-skeleton. We say the two geodesics12, 12 are at different sides if 1, 2 lie at different sides
of i (i = 1, 2) and 1, 2 lie at different sides of i (i = 1, 2).
A crucial lemma (see Lemma 3.12) says that for 1, 2 ∈  and  ∈  represented by a geodesic ray
 : [0,∞) →  contained in the 1-skeleton with 1 ∩  = 2 ∩  = ∅, whether 1, 2 lie at different
sides of  can be detected by the combinatorial cross ratio. It follows that for 1, 2, 1, 2 ∈ 1, the two
geodesics 12, 12 are at different sides if and only if their images are at different sides. In particular it
implies that the images of two intersecting geodesics contained in the 1-skeleton of an apartment in 1 are
at different sides. It turns out that in most cases, two geodesics at different sides must intersect in a point.
Let us see what happens if two geodesics at different sides are disjoint. Let 12, 12 be two such
geodesics. Continuity argument shows that for each i = 1, 2 there are xi ∈ 12, yi ∈ 12 such that
xii ∩ 12 and yii ∩ 12 are geodesic rays. This gives rise to triangles and quadrilaterals that are
contained in the 1-skeleton. Hence we are led to consider triangles and quadrilaterals that are contained
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in the 1-skeleton. Each such triangle or quadrilateral must bound a topological disk which is the union of
a ﬁnite number of chambers (see Section 5). Then Gauss–Bonnet implies that there are only a few such
triangles and quadrilaterals. For instance, there is no such triangle or quadrilateral when the chamber of
 has at least 5 edges, that is, k5. Hence in this case two geodesics at different sides must intersect in a
point. The same is true when the chamber is not a right triangle. The right triangle case is more involved,
and it is indeed possible to have disjoint geodesics that are at different sides. But two disjoint geodesics
that are at different sides in 2 cannot occur as the images of two intersecting geodesics contained in a
common apartment of 1. For the proof one needs to use some special properties of vertex links, which
are generalized polygons.
The proof of Theorem 1.5 does not involve too much details when the chambers of 1 and 2 have at
least ﬁve edges, please see Remark 6.5.
The paper is organized as follows. In Section 2 we recall the deﬁnition of Fuchsian buildings and some
facts concerning generalized polygons. In Section 3 we recall combinatorial cross ratio deﬁned on the
ideal boundary of a Fuchsian building, and show that two important geometric properties can be detected
by the behavior of the combinatorial cross ratio. In Section 4 we derive Theorem 1.1 from Theorem 1.5
and the results of B. Kleiner, by an argument of Bourdon–Pajot. In Section 5 we state the main facts about
triangles and quadrilaterals that are contained in the 1-skeleton. The proofs of these results are contained
in the last section (Section 10) to prevent a major disruption of the exposition. In Section 6 we give suf-
ﬁcient conditions for two geodesics to be at different sides and study the intersection of two geodesics at
different sides. In Sections 7–9we use the tools developed in the previous sections to show that the images
of all the geodesics contained in the 1-skeleton of 1 and through a ﬁxed vertex of 1 intersect in a unique
vertex. The proof is divided into three cases: when the chambers are not right triangles (Section 7);
the chambers are right triangles but different from (2, 3, 8) (Section 8); the chambers are (2, 3, 8)
(Section 9).
2. Fuchsian buildings
In this sectionwedeﬁneFuchsianbuildings and reviewsome facts about generalizedpolygons. Fuchsian
buildings were introduced by Bourdon [5]. Our presentation closely follows [5].
2.1. Convex polygons and reﬂections groups in H2
In this paper, R denotes a compact convex polygon in H2, whose angles are of the form /m, m ∈ N,
m2, and W the Coxeter group generated by the reﬂections about the edges of R (see [20, Theorem
IV.H.11]).
We label the edges of R cyclically by {1}, {2}, . . . , {k} and the vertices by {1, 2}, . . . , {k− 1, k}, {k, 1}
such that the edges i and i + 1 intersect at the vertex {i, i + 1}. The angle of R at the vertex {i, i + 1},
i ∈ Z/kZ, is denoted by
i,i+1 = /mi,i+1, with mi,i+1 ∈ N, mi,i+12.
It is well-known that (see [20, Theorem IV.H.11]) the images of R underW form a tessellation of H2 and
the quotientH2/W equals R. It follows that there is a labeling of the edges and vertices of the tessellation
that isW-invariant and compatible with that of R. We let AR be the obtained labeled 2-complex.
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Two convex compact polygons P1 and P2 in H2 are angle-preserving isomorphic if there is a combi-
natorial isomorphism from P1 to P2 that preserves the angles at the vertices. A convex compact polygon
P is called normal if it has an inscribed circle that touches all its edges. By a result in A. Beardon’s book
(see [2, Theorem 7.16.2].) each convex compact polygon P is angle-preserving isomorphic to a unique
normal polygon P ′. Notice that all compact triangles in H2 are normal. We shall use (m1,m2,m3) to
denote the triangle (unique up to isometry) with angles /m1, /m2 and /m3.
2.2. Two-dimensional hyperbolic buildings
Let R be a ﬁxed polygon as deﬁned in Section 2.1.
Deﬁnition 2.1. Let  be a connected cellular 2-complex, whose edges and vertices are labeled by
{1}, {2}, . . . , {k} and {1, 2}, . . . , {k − 1, k}, {k, 1} respectively, such that each 2-cell (called a cham-
ber) is isomorphic to R as labeled 2-complexes.  is called a two-dimensional hyperbolic building if it
has a family of subcomplexes (called apartments) isomorphic to AR (as labeled 2-complexes) with the
following properties:
(1) Given any two chambers, there is an apartment containing both;
(2) For any two apartmentsA1,A2 that share a chamber, there is an isomorphism of labeled 2-complexes
f : A1 → A2 which pointwise ﬁxes A1 ∩ A2.
 is called a Fuchsian building if in addition, there are integers qi2, i= 1, 2, . . . , k such that each edge
of  labeled by i is contained in exactly qi + 1 chambers.
Let  be a two-dimensional hyperbolic building, A an apartment and C ⊂ A a chamber. The retraction
ontoA centered atC is a label-preserving cellular map rA,C :  → A deﬁned as follows. For any chamber
C′ of , choose an apartment A′ containing both C and C′. Since A ∩ A′ contains C, there is a label-
preserving isomorphism f : A′ → A that pointwise ﬁxes A ∩ A′ ⊃ C. Set rA,C |C′ = f |C′ . One checks
that rA,C is well-deﬁned.
Since a chamber is label-preserving isomorphic to R, there is a metric on each chamber making it
isometric to R and we can glue the chambers together along the edges by isometries.We equip with the
path metric. Then  is a CAT(−1) space (see [9] for deﬁnition) and in particular a Gromov hyperbolic
space. The boundary at inﬁnity  is homeomorphic to the Menger curve (see [3]). Each apartment is
a convex subset of . Since the limits of apartments are apartments, the local ﬁniteness of Fuchsian
buildings implies that any geodesic in a Fuchsian building is contained in an apartment.
Let  be a Fuchsian building. By Section 2.3 below, mi,i+1 ∈ {2, 3, 4, 6, 8}; qi = qi+1 if mi,i+1 = 3,
and qi = qi+1 if mi,i+1 = 8.
Let  be a Fuchsian building, and A ⊂  an apartment of . A wall in A is a complete geodesic
contained in the 1-skeleton of A. Let W be a wall of A, v ∈ W a vertex and e1, e2 ⊂ W the two edges
ofW containing v. By assumption the vertex v is labeled by {i, i + 1} for some i. If mi,i+1 is even, then
e1, e2 are both labeled by i or both labeled by i + 1. If mi,i+1 = 3, then one of e1, e2 is labeled by i, the
other is labeled by i + 1 and qi = qi+1. In any case, the number of chambers containing e1 equals the
number of chambers containing e2. It follows that there is some i, 1ik such that each edge in W is
contained in exactly qi + 1 chambers. For any wallW and any edge e ⊂ W , we set l(e)= l(W)= log qi
if e is labeled by i.
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LetC,C′ be two chambers.A gallery fromC toC′ with length n is a sequenceG=(C0=C, e1, C1, . . . ,
Ci−1, ei, Ci, . . . , Cn−1, en, Cn = C′), where each Ci is a chamber and ei−1 is a common edge of Ci−1
and Ci . Notice that here we allow Ci−1 and Ci to be the same. A gallery is minimal if it has the smallest
length among all galleries from C to C′. We deﬁne l(G)= l(e1)+ · · · + l(en).
Let A be an apartment and C,C′ ⊂ A two chambers. A wall W ⊂ A is said to separate C and C′ if
the interiors of C and C′ lie in different components of A −W . LetWA(C,C′) be the set of walls in A
separating C and C′. Note that each gallery in A from C to C′ must cross each wall inWA(C,C′) at least
once. On the other hand, it is easy to ﬁnd a gallery from C to C′ that crosses each wall inWA(C,C′)
exactly once as follows. Pick generic points x ∈ interior(C), y ∈ interior(C′) such that xy does not contain
any vertices. Then we obtain a gallery Gx,y from C to C′ by recording in linear order the chambers and
edges intersected by xy. Convexity implies that xy intersects each wall inWA(C,C′) at exactly one point,
and so the gallery crosses each wall inWA(C,C′) exactly once.
Finally, let us remark that there are uncountably many isomorphism classes of Fuchsian buildings [14].
There are also many constructions of Fuchsian buildings admitting proper and cocompact group actions:
complexes of groups [5,14], ramiﬁed coverings ofEuclidean buildings, blue-prints ofRonan–Tits [23], etc.
2.3. Generalized polygons and vertex links
The reader is referred to [22, Chapter 3]; [26, Section 3] for more details on the material in this
subsection.
Generalized polygons are also called rank two spherical buildings. Let L be a connected graph whose
vertices are colored black and white such that the two vertices of each edge always have different colors.
L is called a generalized m-gon (m ∈ N, m2) if it has the following properties:
(1) Given any two edges, there is a circuit with combinatorial length 2m containing both.
(2) For two circuits A1, A2 of combinatorial length 2m that share an edge, there is an isomorphism
f : A1 → A2 that pointwise ﬁxes A1 ∩ A2.
When L is a generalized m-gon, an edge is called a chamber and a circuit with combinatorial length 2m
is called an apartment. Two vertices of the same color are often said to have the same type. A theorem of
Feit–Higman [22, p. 30] says that if L is a ﬁnite generalized m-polygon, then m belongs to {2, 3, 4, 6, 8}.
A generalizedm-gon is thick if each vertex is contained in at least 3 chambers. Given a thick generalized
m-gon L, there are integers s, t2 such that each black vertex is contained in exactly s+ 1 chambers and
each white vertex is contained in exactly t + 1 chambers (see p. 29 of [22]). In this case, we say L has
parameters (s, t). It is known that s = t when m is odd (p. 29 of [22]), and s = t when m= 8 (see [12]).
Let L be a generalizedm-gon.We put a metric on each edge such that it is isomeric to the closed interval
with length /m. Note that all the apartments have length . We equip L with the path metric. Then L
becomes a CAT(1) space (see [9] for deﬁnition). All the apartments are convex in L, that is, if A is an
apartment and x, y ∈ A with d(x, y)< , then the geodesic segment xy also lies in A. It follows that if
two apartments A1, A2 share a chamber, then either A1 = A2 or A1 ∩ A2 is a segment.
An injective edge path with combinatorial length m in a generalized m-gon is called a half apartment.
Lemma 2.2. Let L be a thick generalized m-gon, and A, A′ two apartments in L. Then there is a ﬁnite
sequence of apartmentsA0=A,A1, . . . , An=A′ such thatAi ∩Ai+1 (0in− 1) is a half apartment.
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Proof. Let e ⊂ A, e′ ⊂ A′ be two chambers. By considering an apartment containing e and e′, we may
assume A ∩A′ is a segment with combinatorial length l, 1 lm. If l =m, we are done. Assume l <m.
We claim in this case there is an apartment A′′ such that A ∩ A′′ and A′ ∩ A′′ have combinatorial length
> l. The lemma clearly follows from the claim. Let v1, v2 be the endpoints of the segmentA∩A′, e1 ⊂ A
the edge of A incident to v1 but not contained in A∩A′ and e2 ⊂ A′ the edge of A′ incident to v2 but not
contained in A ∩ A′. Let A′′ be an apartment containing e1and e2. The convexity of apartments implies
A ∩ A′ ⊂ A′′, and the claim follows. 
Two vertices of a generalized m-gon are opposite if the combinatorial distance between them is m.
Proposition 2.3 (Tits [26, p. 57]). Let L be a thick generalized m-gon with m= 3, 4 or 5. Then for any
apartment A, there is a vertex opposite to all the vertices in A of the same type.
Proposition 2.4 (Tits [26, p. 55]). Let L be a thick generalized polygon. Then for any two vertices v1, v2
of the same type, there is a vertex v ∈ L opposite to both v1 and v2.
Let  be a Fuchsian building and v ∈  a vertex labeled by {i, i + 1}. The link Link(, v) is a graph
deﬁned as follows. The vertex set of Link(, v) is in 1-to-1 correspondence with the set of edges of 
incident to v. Two vertices of Link(, v) are connected by an edge if the edges of  corresponding to the
two vertices are contained in a common chamber of.A vertex of Link(, v) is black if the corresponding
edge in  is labeled by i, and is white if the corresponding edge in  is labeled by i + 1. Then it follows
from the deﬁnitions that Link(, v) is a ﬁnite thick generalized mi,i+1-gon with parameters (qi, qi+1).
Consequently, mi,i+1 ∈ {2, 3, 4, 6, 8}; qi = qi+1 if mi,i+1 = 3, and qi = qi+1 if mi,i+1 = 8.
3. Combinatorial cross ratio
In this section we study combinatorial cross ratio on the ideal boundary of a Fuchsian building, and
discuss two geometric properties that can be detected by combinatorial cross ratio. Combinatorial cross
ratiowas introduced and studiedbyBourdon [4,5].Our deﬁnitions are slightly different fromM.Bourdon’s
in that we only use vertices in the dual graph.
3.1. Dual graph
Let  be a Fuchsian building. The dual graph G of  is a metric graph deﬁned as follows. The vertex
set of G is in 1-to-1 correspondence with the set of chambers of . Two vertices of G are connected by
an edge with length log qi if the corresponding chambers in  share an edge labeled by i. We equip G
with the path metric, and denote the distance between x, y ∈ G by |x− y|. G is clearly quasi-isometric
to , hence is Gromov hyperbolic and G = .
Abusing notation, for any chamber C, we shall also use C to denote the corresponding vertex in G.
Lemma 3.1. Let C, C′ be two chambers and A an apartment containing both. Then |C − C′| =∑
W∈WA(C,C′) l(W). Furthermore, if ′ is an edge path in G from C to C′ with length > |C − C′|,
then length(′) |C − C′| + log qi for some i.
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Proof. Let  be a shortest path in G from C to C′. The path  gives rise to a gallery G in  from C to
C′ with l(G)= |C − C′|. Let G′ = rA,C(G). Since rA,C is label-preserving, G′ is a gallery in A from
C to C′ with l(G′) = l(G). On the other hand, for generic points x ∈ C,y ∈ C′, xy does not contain
any vertices and Gx,y is a minimal gallery in A from C to C′. It follows that l(Gx,y) l(G′). It is clear
that Gx,y determines an edge path x,y in G from C to C′ such that length(x,y) = l(Gx,y). Now the
minimality of  implies that |C − C′| = l(Gx,y)=∑W∈WA(C,C′) l(W).
Let ′ be an edge path in G from C to C′ with length> |C−C′|, and denote GA,′ = rA,C(G′). Then
GA,′ is a gallery in A from C to C′ with




Since GA,′ crosses each wall inWA(C,C′) at least once, there is some wallW of A such that l(GA,′)
contains the term l(W) in addition to all the terms in
∑
W∈WA(C,C′) l(W). Hence we have l(GA,′) |C−
C′| + l(W). 
Lemma3.2. Let C,C′ be two chambers in, and x ∈ interior(C), y ∈ interior(C′).LetC1=C, . . . , Cn=
C′ be the sequence of chambers in linear order with xy ∩ interior(Ci) = ∅. Then the sequence C1 =
C, . . . , Cn=C′ deﬁnes a discrete geodesic inG in the following sense: |Ci1−Ci3 |=|Ci1−Ci2 |+|Ci2−Ci3 |
for any 1i1i2i3n.
Proof. LetA be an apartment containingC andC′. Then the convexity of apartments implies thatCi ⊂ A
for all i. By Lemma 3.1, we have |Ci1 −Ci3 | =
∑
W∈WA(Ci1 ,Ci3 )




and |Ci2 −Ci3 | =
∑
W∈WA(Ci2 ,Ci3 )
l(W). Since the geodesic xy intersects the interiors of Ci1 , Ci2 and Ci3 ,
we seeWA(Ci1 ,Ci3 ) is the disjoint union ofWA(Ci1 ,Ci2 ) andWA(Ci2 ,Ci3 ). The lemma follows. 
3.2. Combinatorial Gromov product
Let C be a vertex of G. Recall the Gromov product of x ∈ G and y ∈ G based at C is deﬁned by:
{x | y}C = 12 {|x −C| + |y −C| − |x − y|}. For ,  ∈ = G, the combinatorial Gromov product of 
and  based at C is:
{ | }C = sup lim inf
i,j→∞ {xi | yj }C ,
where the supreme is taken over all sequences of vertices in G with {xi} → , {yj } → .
A sequence {Ci}∞i=1 ⊂ G of vertices is called a geodesic sequence starting from C1 if there is a
geodesic ray  in  starting from the interior of C1 such that {Ci} is the sequence of chambers (in linear
order) whose interiors have nonempty intersection with . For ,  ∈ , the modiﬁed Gromov product
of  and  based at C is:
{ | }′C = sup lim inf
i,j→∞ {Ci |Dj }C ,
where the supreme is taken over all geodesic sequences {Ci} → , {Dj } →  starting from C. By
deﬁnition, { | }′C{ | }C always holds.
X. Xie / Topology 45 (2006) 101–169 109
A point  ∈  is called a singular point if it is represented by a ray contained in the 1-skeleton.
Otherwise  ∈  is called a regular point. Let B ⊂  be the set of regular points in . For x ∈  and
 ∈ , let cx, : [0,∞)→  denote the geodesic ray from x to . Since the angles of a chamber belong
to {/2, /3, /4, /6, /8}, it is not hard to see that any ray representing a regular point cannot lie in a
small neighborhood of the 1-skeleton:
Lemma 3.3. There is some 0> 0 depending only on  with the following property. For any  ∈ B,
x ∈  and any a > 0, cx,([a,+∞)) ∩ (− N0((1))) = ∅, where N0((1)) is the 0-neighborhood of
the 1-skeleton (1) of .
Lemma 3.4. Let  =  ∈  be regular points. If{Ci} → , {Dj } →  are geodesic sequences starting
from C, then there is some i01 such that { | }′C = {Ci |Dj }C for all i, ji0.
Proof. By Lemma 3.2 the sequences {Ci}, {Dj } are discrete geodesics in G. Triangle inequality implies
that {Ci1 |Dj1}C{Ci2 |Dj2}C for i1i2, j1j2. Suppose {Ci1 |Dj1}C < {Ci2 |Dj2}Cfor some i1i2,
j1j2. Let 1 be a shortest path in G from Ci2 to Ci1 , 2 be a shortest path from Ci1 to Dj1 and 3 be
a shortest path from Dj1 to Dj2 . Then length(3 ∗ 2 ∗ 1)> |Ci2 −Dj2 |. Now Lemma 3.1 implies that
length(3 ∗2 ∗1) |Ci2 −Dj2 |+ log qi for some i. Consequently, {Ci2 |Dj2}C{Ci1 |Dj1}C + log qi .
It follows that there is some integer a1 such that lim inf i,j→∞{Ci |Dj }C = {Ci |Dj }Cfor all i, ja.
Let {C′i} → , {D′j } →  be two arbitrary geodesic sequences starting from C. The above paragraph
shows that there is an integer b1 such that lim inf i,j→∞{C′i |D′j }C = {C′i |D′j }C for all i, jb. By the
deﬁnition of geodesic sequences, there are points x, x′, y, y′ ∈ interior(C) such that {Ci}, {C′i}, {Dj }, and{D′j } are the sequences of chambers (in linear order) whose interiors have nonempty intersectionwith cx,,
cx′,, cy, and cy′, respectively.We reparameterize the geodesics cx,, cx′,,cy, and cy′, such that cx,(t),
cx′,(t) lie on the same horosphere centered at , and cy,(t), cy′,(t) lie on the same horosphere centered
at . Since  is a CAT(−1) space, d(cx,(t), cx′,(t)) → 0 and d(cy,(t), cy′,(t)) → 0 as t → +∞.
On the other hand, Lemma 3.3 implies that there are arbitrarily large t, t ′ with cx,(t) /∈N0((1)) and
cy,(t
′) /∈N0((1)). It follows that there are ia, ja and i′b, j ′b with Ci = C′i′ and Dj = D′j ′ .
Consequently, lim inf i,j→∞{C′i |D′j }C = {C′i′ |D′j ′ }C = {Ci |Dj }C = lim inf i,j→∞{Ci |Dj }C and the
lemma follows. 
Lemma 3.5. Let ,  ∈  be regular points. Then { | }C = { | }′C .
Proof. Let {xi} → , {yj } →  be two arbitrary sequences of vertices.We claim that {xi | yj }C={ | }′C
for sufﬁciently large i and j. The lemma follows from the claim.
Fix some x ∈ interior(C) and let {Ck} and {Dl} be the geodesic sequences corresponding to the
rays x and x respectively. By Lemma 3.4, there is some i01 such that { | }′C = {Ck |Dl}C for all
k, li0. Since  is regular and the asymptotic distance between x and  is 0, Lemma 3.3 implies that
there is some ki0 such that both x ∩ (Ck − N0/2((1))) and  ∩ (Ck − N0/2((1))) are nonempty,
where 0 is as in Lemma 3.3. Similarly there is some li0 such that both x ∩ (Dl − N0/2((1))) and
 ∩ (Dl − N0/2((1))) are nonempty. It follows that for sufﬁciently largei, j (so that xi is sufﬁciently
close to  and yj is sufﬁciently close to ), and any x′ ∈ xi , y′ ∈ yj , we have xx′ ∩ interior(Ck) = ∅,
x′y′ ∩ interior(Ck) = ∅, xy′ ∩ interior(Dl) = ∅, and x′y′ ∩ interior(Dl) = ∅. Now Lemma 3.2 implies
that {xi | yj }C = {Ck |Dl}C = { | }′C . 
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A similar argument shows that the combinatorial Gromov product is locally constant on the set of
regular points:
Lemma 3.6. Let ,  ∈  be regular points. Then there are neighborhoods U  , V   such that
{′ | ′}C = { | }C for all ′ ∈ B ∩ U , ′ ∈ B ∩ V .
The following result follows easily from Lemmas 3.5, 3.4 and 3.2.
Lemma3.7. Let C be a chamber and 1, 2 ∈ B. If 12∩interior(C) = ∅, then {1 | 2}C={1 | 2}′C=0.
3.3. Combinatorial cross ratio
For a regular point  ∈ B, we can deﬁne the Busemann function B as follows. Let  ∈ B, and C,D
be chambers. Let {Ci} →  be a geodesic sequence starting from some chamber, and set
B(C,D)= lim
i→+∞ (|D − Ci | − |C − Ci |).
Note that the triangle inequality implies that the limit exists. The arguments in the proofs of Lemmas
3.5 and 3.4 show that B(C,D) is independent of the choice of {Ci} and there is some i01 such that
B(C,D)= |D−Ci | − |C −Ci | for all ii0. It follows that B(C,E)=B(C,D)+B(D,E) for any
three chambers C,D,E. It is also easy to see that B(C,D) is locally constant as a function of regular
points : B′(C,D)= B(C,D) for all regular points ′ sufﬁciently close to .
Next we look at how the combinatorial Gromov product changes when the base point changes.
Lemma3.8. LetE,E′ be twochambers and ,  ∈ B.Then { | }E′={ | }E+12B(E,E′)+12B(E,E′).
Proof. Let {Ci}, {Dj } be two geodesic sequences from E to ,  respectively, and {C′i}, {D′j } be two
geodesic sequences from E′ to ,  respectively. Lemma 3.4 and the ﬁrst paragraph of this subsection
show that there is some i01 such that { | }E = {Ci |Dj }E , { | }E′ = {C′k |D′l}E′ , B(E,E′)= |E′ −
Ci | − |E − Ci | and B(E,E′)= |E′ −Dj | − |E −Dj | for all i, j, k, li0. On the other hand, since 
and  are regular points, Lemma 3.3 implies that there are i1, j1, k1, l1i0 with Ci1 =C′k1 andDj1 =D′l1 .
Now the lemma follows. 
Lemma 3.8 ensures that the following deﬁnition is well-deﬁned.
Deﬁnition 3.9. Let 1, 2, 1, 2 ∈ B be regular points that are pairwise distinct. The combinatorial cross
ratio {1212} is deﬁned by:
{1212} = −{1|1}C − {2|2}C + {1|2}C + {2|1}C ,
where C is any chamber of .
Denote B4 = {(1, 2, 3, 4) : i ∈ B, i = j for i = j}. Lemma 3.6 implies that combinatorial
cross ratio is locally constant: {′1′2′1′2} = {1212} for all (′1, ′2, ′1, ′2) ∈ B4 sufﬁciently close to
(1, 2, 1, 2) ∈ B4.
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We record the following simple lemma for later use.
Lemma 3.10. Let e ⊂  be an edge labeled by i, x ∈ interior(e) and C1, C2 two chambers containing
e. Let  ∈ B be a regular point and C the chamber that contains the initial segment of x. Then
(1) B(C1, C2)= 0 if C = C1, C2;
(2) B(C1, C2)= log qi if C = C1;
(3) B(C1, C2)=− log qi if C = C2.
Proof. Let C′ = C be a chamber containing e. It is clear that cx, : [0,∞) →  can be extended to a
geodesic c : (−,∞) →  for some > 0 such that c(−, 0) ⊂ interior(C′). Now the lemma follows
from Lemma 3.2. 
3.4. Geometric properties detected by combinatorial cross ratio
In this subsection we discuss some geometric properties of a Fuchsian building that can be detected
by the combinatorial cross ratio. The results here are crucial to the proof of Theorem 1.5.
Let ,  ∈ . The following result says that one can decide whether  lies in the 1-skeleton by looking
at the behavior of the combinatorial cross ratio.
Lemma 3.11. Let ,  ∈ .
(1) Suppose  /⊂ (1). Then there are neighborhoods U0  , V0   in  such that {1212} = 0 for
all (1, 2, 1, 2) ∈ B4 ∩ (U0 × U0 × V0 × V0);
(2) Suppose  ⊂ (1). Then given any neighborhoods U0  , V0   in , there exist some integer
i, 1ik, open subsets U,V ⊂  and open subsets W1,W2 ⊂ U × U × V × V with the fol-
lowing properties:  ∈ U ⊂ U0, ∈ V ⊂ V0; {1212} is an integral multiple of 12 log qi for all
(1, 2, 1, 2) ∈ B4 ∩ (U ×U ×V ×V ); {1212} =−12 log qi for all (1, 2, 1, 2) ∈ B4 ∩W1,
and {1212} = 0 for all (1, 2, 1, 2) ∈ B4 ∩W2.
Proof. (1) Suppose  is not contained in (1). Then  intersects the interior of some chamber C. There
are neighborhoods U0   and V0   such that ′′ meets the interior of C for all ′ ∈ U0, ′ ∈ V0. Then
Lemma 3.7 implies that {′|′}C = 0 for all ′ ∈ B ∩ U0, ′ ∈ B ∩ V0. Now (1) follows.
(2) Now suppose  is contained in (1). Let e ⊂  be an edge, which is labeled by some i. Given any
neighborhoods U0  , V0   in , we choose open subsets U,V ⊂  with  ∈ U ⊂ U0,  ∈ V ⊂ V0
such that for any ′ ∈ U and ′ ∈ V , the geodesic ′′ either contains e or intersects the interior of some
chamber containing e. Let C be a ﬁxed chamber containing e, and ′ ∈ B ∩U , ′ ∈ B ∩ V . Then there is
some chamber C′ containing e with ′′ ∩ interior(C′) = ∅. Lemma 3.7 implies that {′|′}C′ = 0. On the
other hand, Lemma 3.10 shows that B′(C′, C)and B′(C′, C) are integral multiples of log qi . It follows
from Lemma 3.8 that {′|′}C is an integral multiple of 12 log qi . Consequently {1212} is an integral
multiple of 12 log qi for all (1, 2, 1, 2) ∈ B4 ∩ (U × U × V × V ).
We claim there exist (1, 2, 1, 2), (¯1, ¯2, ¯1, ¯2) ∈ B4 ∩ (U ×U × V × V ) such that {1212} =
−12 log qi and {¯1¯2¯1¯2}=0. Since the combinatorial cross ratio is locally constant, there are open subsets
W1,W2 ⊂ U × U × V × V with (1, 2, 1, 2) ∈ W1, (¯1, ¯2, ¯1, ¯2) ∈ W2such that the combinatorial
cross ratio is −12 log qi on B4 ∩W1 and is 0 on B4 ∩W2. We next prove the claim.
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Let A be an apartment containing . Denote by C1, C2 the two chambers in A containing e, and
C3 = C1, C2 some other chamber containing e. Let m be the midpoint of e. We choose ′1 ∈ U ∩ A,
′1, ′2 ∈ V ∩ A and ′2 ∈ U with the following properties:
(a) C1 contains the initial segments of m′1 and m′1, C2 contains the initial segment of m′2, and C3
contains the initial segment of m′2;
(b)  m(′i , )=  m(′j , ) for all i, j = 1, 2;
(c) ′1′1 ∩ interior(C1) = ∅.
Notice (b) implies that m ∈ ′1′2, ′2′1, ′2′2. We can choose regular points 1, 2 ∈ U , 1, 2 ∈ V
sufﬁciently close to ′1, ′2, ′1, ′2, respectively, such that the following conditions are satisﬁed:
(I) 1j ∩ interior(C1) = ∅ (j = 1, 2), 21 ∩ interior(C1) = ∅;
(II) 22 ∩ interior(Ck) = ∅ for k = 2, 3.
By Lemma 3.7 {1|j }C1 ={2|1}C1 ={2|2}C2 = 0. Notice (II) implies that 22 ∩ interior(e) = ∅ and
22 ∩ interior(C1)=∅ since C2 ∪C3 is convex in  and e separates C2 from C3. It follows from Lemma
3.10 that B2(C2, C1)= 0 and B2(C2, C1)= log qi . Now Lemma 3.8 implies that {2|2}C1 = 12 log qi .
Consequently {1212} =−12 log qi . Finally, if one chooses ¯1, ¯2 ∈ Usufﬁciently close to ′1, and also
chooses ¯1, ¯2 ∈ V sufﬁciently close to ′1, then we have {¯1¯2¯1¯2}= 0. The proof is now complete. 
Let  ∈  be a singular point. Then  is represented by a ray  : [0,∞) →  contained in (1). Let
1, 2 ∈  ∪ − {} be such that 1 ∩ = 2 ∩ = ∅. We parameterize i (i = 1, 2) by i : Ii → 
such that i(t) and (t) lie on the same horosphere centered at , where Ii ⊂ R is an interval. Since  is
CAT(−1), we have d(i(t), (t)) → 0 as t → ∞. Fix a very large t0 such that (t0) is the midpoint of
some edge e ⊂ . Then i(t0)must lie in the interior of some chamber Ci containing e. We say 1 and 2
lie at different sides of  if C1 = C2, and say 1 and 2 lie on the same side of  ifC1 = C2. It is not hard
to see that this deﬁnition is well-deﬁned.
The following result says that, for a singular point  represented by a ray  : [0,∞)→  contained in
(1), and 1, 2 ∈  with 1∩ = 2∩ =∅, whether 1, 2 lie at different sides of  can be detected
by the combinatorial cross ratio.
Lemma 3.12. Let  ∈  be a singular point represented by a ray  : [0,∞) →  contained in (1),
and 1, 2 ∈  with 1 ∩ = 2 ∩ = ∅.
(1) If 1 and 2 lie on the same side of , then there are pairwise disjoint open subsets U1, U2, V1, V2 ⊂
 that satisfy the following conditions: 1 ∈ U1, 2 ∈ U2,  ∈ V2; the combinatorial cross ratio is
constant on B4 ∩ (U1 × U2 × V1 × V2).
(2) If 1 and 2 lie on different sides of , then for any pairwise disjoint open subsetsU1, U2, V1, V2 ⊂ 
satisfying 1 ∈ U1, 2 ∈ U2,  ∈ V2, there are open subsets W1,W2 ⊂ U1 × U2 × V1 × V2 and
constants c1 = c2 such that: {′1′2′1′2} = c1 for all (′1, ′2, ′1, ′2) ∈ B4 ∩W1 and {′1′2′1′2} = c2
for all (′1, ′2, ′1, ′2) ∈ B4 ∩W2.
Proof. (1) Suppose 1, 2 lie at the same side of . Then there is a chamber C that contains an edge e ⊂ 
such that both 1 and 2 intersect the interior of C. Then there are pairwise disjoint neighborhoods
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Ui  i(i = 1, 2), V   such that for any ′1 ∈ B ∩ U1, ′2 ∈ B ∩ U2 and ′ ∈ B ∩ V , both ′1′ and
′2′ intersect the interior of C. Lemma 3.7 implies that {′1|′}C = {′2|′}C = 0. Now choose disjoint
open subsets V1, V2 ⊂ V such that  ∈ V2. Then it follows from the deﬁnition that {′1′2′1′2} = 0 for all
(′1, ′2, ′1, ′2) ∈ B4 ∩ (U1 × U2 × V1 × V2).
(2) Now suppose 1, 2 lie at different sides of . We claim for any pairwise disjoint open subsets
U1, U2, V1, V2 ⊂  satisfying 1 ∈ U1, 2 ∈ U2,  ∈ V2, there exist ′1 ∈ B ∩ U1, ′2 ∈ B ∩ U2, ′1 ∈
B∩V1 and ′2, ′′2 ∈ B∩V2 such that {′1′2′1′2} = {′1′2′1′′2}. Let c1={′1′2′1′2},c2={′1′2′1′′2}. Since
the combinatorial cross ratio is locally constant, there are open subsets W1,W2 ⊂ U1 × U2 × V1 × V2
satisfying (′1, ′2, ′1, ′2) ∈ W1, (′1, ′2, ′1, ′′2) ∈ W2 such that the combinatorial cross ratio takes the
constant value ci (i = 1, 2) on B4 ∩Wi . Next we prove the claim.
Since 1, 2 lie at different sides of , there are chambers C1 = C2 both containing an edge e ⊂
 such that i ∩ interior(Ci) = ∅ (i = 1, 2). By shrinking the neighborhoods V2, U1, U2 we may
assume ′i′ ∩ interior(Ci) = ∅ (i = 1, 2) for all ′ ∈ B ∩ V2, ′i ∈ B ∩ Ui . Lemma 3.7 implies that{′i |′}Ci = 0. We ﬁx some ′i ∈ B ∩ Ui(i = 1, 2) and ′1 ∈ V1. By the deﬁnition of combinatorial
cross ratio we only need to ﬁnd ′2, ′′2 ∈ B ∩ V2 such that {′2|′2}C1 = {′2|′′2}C1 .By Lemma 3.8,
{′2|′}C1 = {′2|′}C2 + 12B′2(C2, C1) + 12B′(C2, C1). B′2(C2, C1) is independent of ′ and we have
observed that {′2|′}C2 = 0. Let m be the midpoint of e. For ′ ∈ B ∩V2, the initial segment ofm′ could
lie in C1, C2 or some other chamber C3 containing e. Lemma 3.10 shows that the values for B′(C2, C1)
are different in these three cases. Consequently the values of {′1′2′1′}are also different, and the proof
is complete. 
4. Quasi-isometric rigidity of Fuchsian buildings
In this section we shall assume Theorem 1.5 and prove Theorem 1.1. We ﬁrst review some facts about
the quasiconformal structure on the ideal boundary of a Fuchsian building.
4.1. Quasiconformal analysis on metric spaces
The reader is referred to [15,16,8] for more details on the materials in this subsection.
Let f : X → Y be a homeomorphism between metric spaces. For any x ∈ X and r > 0, let
Lf (x, r)= sup{dY (f (x), f (x′)) : dX(x, x′)r},
lf (x, r)= inf{dY (f (x), f (x′)) : dX(x, x′)r},
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holds for all x ∈ X.A groupG of homeomorphisms of ametric spaceX is called uniformly quasiconformal
if there is some K1 such that each element of G is K-quasiconformal.
Let f : X → Y be a homeomorphism between metric spaces and 	 : [0,∞)→ [0,∞) a homeomor-
phism. The map f is 	-quasisymmetric if
dX(x, a) tdX(x, b) ⇒ dY (f (x), f (a))	(t)dY (f (x), f (b))
for all x, a, b ∈ X and all t ∈ [0,∞). f is called quasisymmetric if it is 	-quasisymmetric for some
homeomorphism 	.
It is clear from the deﬁnition that a quasisymmetric homeomorphism f : X → Y is quasiconformal.
If X and Y are bounded, Ahlfors regular and Loewner spaces (see below for the deﬁnitions), then a
quasiconformal homeomorphism f : X → Y is also quasisymmetric (see [16]).
For a metric space X, let H dim(X) be the Hausdorff dimension of X, andHX its Hausdorff measure
(see [11] for the deﬁnitions). Assume that X and Y are metric spaces with ﬁnite Hausdorff dimensions.
We say that a homeomorphism f : X → Y is conformal if f is quasisymmetric and satisﬁes
(i) Lf (x)= lf (x) ∈ (0,∞) forHX-almost every x ∈ X;
(ii) Lf−1(y)= lf−1(y) ∈ (0,∞) forHY -almost every y ∈ Y .
Let X be a metric space with H dim(X)=H > 0. We say X is Ahlfors regular with dimension H if there
is some constant 
1 such that 
−1rH HX(B(x, r))
rH for all metric balls with radius rdiam(X).
Let X beAhlfors regular with dimensionH > 1, andF a family of curves in X. A measurable function







where the inﬁmum is taken over allF-admissible functions u.We setMod(F)=0 if there is no rectiﬁable
curve inF.
For two disjoint connected compact subsets E and F of X that contain more than one point, let
Mod(E, F ) be the modulus of the family of all curves that join E and F; we also deﬁne
(E, F )= min{diam(E), diam(F )}
d(E, F )
.
Deﬁnition 4.1. The metric space X is a Loewner space if there exists an increasing homeomorphism
 : (0,+∞) → (0,+∞) so that for any two disjoint connected compact subsets E and F of X that
contain more than one point, we have
Mod(E, F )((E, F )).
4.2. Metrics and measures on the ideal boundary
In this subsection we review some important results about combinatorial metrics and related measures
deﬁned on the ideal boundary of Fuchsian buildings. Combinatorial metrics were introduced by Bourdon
[4,5]. The results here are due to Bourdon [4,5] and Bourdon and Pajot [6,7].
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Let  be a Fuchsian building with chamber R. Let AR be the labeled 2-complex of Section 2.1 and
GAR its dual graph. An edge of GAR connecting two vertices C and D has length log qi if the chambers C
and D share an edge labeled by i. Let | · | be the induced path metric. For any integer n1, let a(n) be the







Let C be a chamber of . For  ∈  and r > 0, we introduce the following subset of :
BC(, r)= { ∈  : e−{|}C r}.








where the inﬁmum is taken over all ﬁnite coverings {BC(i , ri) : i ∈ , rir} of . Finally, for ,  ∈ 
we set
C(, )= inf l(),
where  varies over all continuous path in  from  to .
It is shown by Bourdon [4, 3.1.4] that C deﬁnes a metric on  and has the following property: there







for all ,  ∈ . It follows that for any two chambers C, D, C and D are bi-Lipschitz and hence have
the same Hausdorff dimension, which shall be denoted by H.
For any chamber C, letHC be the Hausdorff measure of C . The regular set B has fullHC-measure in
 (see the proof of Lemma 2.2.7 in [5]). Let C, D be any two chambers. Then one can show that C and
D are conformally equivalent, that is, the identity map id : (, C)→ (, D) is a conformal map. In
fact, for any regular point  ∈ , lim→ D(, )/C(, ) = e−B(C,D). It follows thatHC andHD
are in the same measure class andHD()= e−H B(C,D)HC() for all regular points .
If g :  →  is an isometry, then it is clear that the induced map on the boundary g : (, C) →
(, g(C)) is an isometry for any chamber C. Hence g : (, C) → (, C) is a conformal map and
lim→ C(g(), g())/C(, )= e−B(C,g−1(C)) for any ﬁxed regular point . It follows that
g∗HC()= e−H B(C,g−1(C))HC().
Hence the measures {HC} are conformal measures with respect to Isom().
Now we can deﬁne a measure on 2 : =× − diagonal by
(, )= e2H {|}CHC()HC().
Lemma 3.8and the fact that {HC} are conformal measures imply that  is independent of the chamber C
and is invariant under the diagonal action of Isom() on 2.
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The ﬁrst of the following two results follows from Theorem 1.5 and an argument of Sullivan [25], and
the second can be proved as in [24].
Corollary 4.2. Let1,2 be twoFuchsian buildings and 1, 2 be themeasures on 21, 22 respectively
as deﬁned above. If h : 1 → 2 is a homeomorphism such that (h×h)∗(1)=
2 holds for a nonzero
constant 
, then h preserves the combinatorial cross ratio a.e. In particular, h extends to an isomorphism
from 1 to 2.
Theorem 4.3. Let  be a Fuchsian building and  ⊂ Isom() a cocompact lattice. Then  is -ergodic.
The ﬁrst two statements below are due to Bourdon [4,5].
Theorem 4.4. Let  be a Fuchsian building, C a chamber of  and H the Hausdorff dimension of C .
Then
(1) (, C) is Ahlfors regular with dimension H.
(2) If (Y, d) is Ahlfors regular with dimension H and f : (Y, d) → (, C) is a quasisymmetric
homeomorphism, then f is nonsingular with respect to the Hausdorff measures, that is, A ⊂ Y has
measure 0 inHY if and only if f (A) has measure 0 inHC .
(3) (Bourdon and Pajot [6,7]) (, C) is a Loewner space.
Remark 4.5. As mentioned at the beginning of Section 3 our deﬁnitions of combinatorial cross ratio
and combinatorial metric are slightly different from those of Bourdon since we only used vertices in the
dual graph while Bourdon used the whole dual graph. Since the vertices form a net in the dual graph,
our combinatorial cross ratio differs from Bourdon’s by an additive constant that depend only on the
building. It follows that the two combinatorial metrics are bi-Lipschitz equivalent with the Lipschitz
constant depending only on the building, and the corresponding Hausdorff measures are in the same
measure class.
4.3. Proof of quasi-isometric rigidity
In this subsection we use Theorem 1.5 and the results of Kleiner [17] to prove Theorem 1.1. The
argument is due to Bourdon and Pajot (pp. 732–733 of [7]) and we include it here only for completeness.
For a compact metric space X, let H(X) be the group of homeomorphisms of X with the uniform
distance, QS(X) ⊂ H(X) the group of quasisymmetric homeomorphisms of X, QC(X) ⊂ H(X) the
group of quasiconformal homeomorphisms of X, andX3={(x1, x2, x3) : xi = xj for i = j} the space of
distinct triples of X. The reader is referred to [10] for the notion of cotangent bundle of a metric measure
space (see also [27]).
Theorem 4.6 (Kleiner [17]). Let X be a compact metric space. If X is an Ahlfors regular Loewner space
with Hausdorff dimensionH > 1 and its cotangent bundle is one-dimensional, thenQC(X) is uniformly
quasiconformal.
Theorem 4.7 (Kleiner [17]). Let  be a Fuchsian building, and  be equipped with the combinatorial
metric and the associated Hausdorff measure. Then the cotangent bundle of  is one-dimensional.
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Proposition 4.8 (Bourdon and Pajot, Proposition 4.1.3. and Remark 4.1.4. of [7]). Let X be a compact
Ahlfors regular Loewner space with Hausdorff dimension H > 1, and G ⊂ H(X) a subgroup that is
uniformly quasiconformal. Then the closure G of G in H(X) is contained in QS(X) and acts properly
on X3.
Proof of Theorem 1.1. For i = 1, 2, let i ⊂ Isom(i)be a cocompact lattice, and i the Isom(i)-
invariant measure on 2i as deﬁned in Section 4.2. We claim i is invariant under the diagonal action
of QS(i). Notice i ⊂ QS(i) acts properly discontinuously and cocompactly on the space of
distinct triples of i . Theorems 4.6, 4.7 and Proposition 4.8 imply that i is a cocompact lattice in
QS(i)=QC(i). In particular, the Haar measure ofQS(i) is bi-invariant. Let mi be the measure
on i\QS(i) obtained by restricting the Haar measure of QS(i) to a fundamental domain of i in







whenever A is a Borel set of 2i and s is a measurable section from i\QS(i) intoQS(i). Since i
is i-invariant andm is invariant under the right action ofQS(i), i is well-deﬁned and invariant under
QS(i). In particular, i is invariant under i . Theorem 4.4 (2) implies i is absolutely continuous with
respect to i . Because i , i are invariant under i and i is i-ergodic, there is some constant 
i = 0
with i = 
ii . It follows that i is invariant underQS(i).
Now let f : 1 → 2 be a quasi-isometry. Then it induces a quasisymmetric homeomorphism
h : 1 → 2 (see [13]). Theorem 4.4(1), (2) imply that h × h is nonsingular with respect to 1 and
2. Since 1 is invariant underQS(1), (h× h)∗(1) is invariant under h(QS(1))h−1=QS(2). In
particular, the two measures (h× h)∗(1) and 2 in the same measure class are both invariant under 2.
Since 2 is 2-ergodic, there is a nonzero constant 
 such that (h × h)∗(1) = 
2. By Corollary 4.2 h
extends to an isomorphism. 
5. Triangles and quadrilaterals in the 1-skeleton
In this section we state the main results concerning triangles and quadrilaterals contained in the 1-
skeleton of . Their proofs are somehow tedious and are contained in Section 10.
Let  be a Fuchsian building. A subset T ⊂  is called a triangle if there are points x, y, z ∈  such
that T = xy ∪ yz ∪ zx. In this case, we also use the notation T = (x, y, z). The three points x, y, z shall
be called the corners of T, and xy, yz, zx called the sides of T. Similarly, we say a subset Q ⊂  is a
quadrilateral if there are x1, x2, x3, x4 ∈  such thatQ= x1x2 ∪ x2x3∪ x3x4∪ x4x1.We use the notation
Q= (x1, x2, x3, x4), and call xi a corner ofQ and xixi+1 a side ofQ.We are mainly interested in triangles
and quadrilaterals that are contained in the 1-skeleton of .
Let D ⊂  be a ﬁnite subcomplex that is homeomorphic to a compact surface with boundary. A
vertex v ∈ D is a special point if v ∈ interior(D) and length(Link(D, v))> 2, or v ∈ D and
length(Link(D, v))> . The following result implies that each triangle in (1) bounds a convex disk.










Fig. 1. S(T ) when R = (2,m1,m2) with (m1,m2)= (6, 6), (6, 8) or (8, 8).








Fig. 2. S(T ) when R = (2, 4,m) with m= 6 or 8.
Proposition 5.1. Let  be a Fuchsian building and T ⊂ (1) a triangle that is homeomorphic to a circle.
Then there is a ﬁnite subcomplex S(T ) with the following properties:
(1) S(T ) is homeomorphic to a closed disk with boundary T.
(2) S(T ) has no special points.
In particular, S(T ) is convex in .
We list all the triangles in (1). Recall for integers m1,m2,m32, (m1,m2,m3) denotes the triangle
(unique up to isometry) in H2 with angles /m1, /m2 and /m3.
Proposition 5.2. Let  be a Fuchsian building with chamber R, and T ⊂ (1) a triangle homeomorphic
to a circle.
(1) If R is not a triangle, then there is no triangle in (1) homeomorphic to a circle.
(2) If R is a triangle with all angles < /2, then S(T ) is a chamber.
(3) If R = (2,m1,m2) with (m1,m2) = (6, 6), (6, 8) or (8, 8), then S(T ) is isomorphic to one of the
labeled complexes in Fig. 1.
(4) If R = (2, 4, 6) or (2, 4, 8), then S(T ) is isomorphic to one of the labeled complexes in Fig. 2.
(5) If R = (2, 3, 8), then S(T ) is isomorphic to one of the labeled complexes in Fig. 3.
We let A0 denote the area of a chamber. For any quadrilateral Q = (x1, x2, x3, x4), let ∑(Q) =∑4
i=1  xi (xi−1, xi+1) be the sum of angles at the four corners of Q.
Proposition 5.3. Let  be a Fuchsian building, andQ ⊂ (1) a quadrilateral homeomorphic to a circle.
Then there is a ﬁnite subcomplex S(Q) with the following properties:
(1) S(Q) is homeomorphic to a closed disk with boundary Q.
(2) 2∑(Q)+ n(Q)A0, where n(Q) is the number of chambers in S(Q).
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Fig. 3. S(T ) when R = (2, 3, 8).
Recall the chamber R is a compact convex k-gon in H2. We let 0 be the smallest angle of R. Note
A0/2 if k5. There are only six right triangles that can occur as the chambers of Fuchsian buildings:
(2, 8, 8), (2, 6, 6), (2, 6, 8), (2, 4, 6), (2, 4, 8), (2, 3, 8). Their areas are respectively: /4, /6, 5/24,
/12, /8, /24.
Corollary 5.4. Let  be a Fuchsian building whose chamber R is a k-gon with k5, and Q ⊂ (1) a
quadrilateral. Then Q is not homeomorphic to a circle.
Proof. Suppose Q is homeomorphic to a circle. Since R is a k-gon with k5 and all its angles are /2,
we have A0− 0. Proposition 5.3 implies 240 + n(Q)(− 0). It is easy to verify that n(Q)1
for each of the cases 0 = /2, /3, /4, /6, /8, which means Q is the boundary of a chamber. This is
a contradiction since Q is a quadrilateral and R is a k-gon with k5. 
Recall for any vertex v ∈ , the link Link(, v) is a generalizedm-gon for somem2.We setm(v)=m
if Link(, v) is a generalized m-gon and say v is indexed bym(v). The vertices in Link(, v) are divided
into two types, and two vertices are of the same type if and only if the distance between them is an
even multiple of /m. Let vx, vy ⊂ (1) be two (nondegenerate) geodesics starting from v. The angle

v(x, y) is called even if it is an even multiple of /m, and is called odd if it is an odd multiple of /m.
Equivalently,  v(x, y) is even if and only if the initial directions of vx and vy at v have the same type in
Link(, v).
Corollary 5.5. Let  be a Fuchsian building with chamber R, and Q = (x, y, z, w) a quadrilateral
homeomorphic to a circle and contained in the 1-skeleton of . Suppose Q has even angles at x and y,
and xy contains at least two vertices in the interior. Then R = (2, 3, 8).
Proof. Let v1 = v2 ∈ interior(xy) be two vertices with v1 ∈ interior(xv2). We count the chambers in
S(Q) that intersect xy. There are at leastm(v1) chambers (in S(Q)) incident to v1, at leastm(v2) incident
to v2; but there might be one chamber incident to both v1 and v2. SinceQ has an even angle at x, there are
at least 2 chambers incident to x, but one of them could also be incident to v1. Similarly for y. Summarize,
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there are at least m(v1)+m(v2)+ 1 chambers in S(Q), that is, n(Q)m(v1)+m(v2)+ 1.In particular,
n(Q)5 always holds. Also note
∑
(Q)/m(z) + /m(w) + 2/m(x) + 2/m(y). In particular,∑
(Q)3/4 always holds.
We suppose R = (2, 3, 8) and will derive a contradiction from this. We consider several cases.
Case 1: k5. In this case A0/2. Proposition 5.3 implies n(Q)2, contradicting the fact
n(Q)5.
Case 2: k=4. If 0=/8, thenA03/8. Proposition 5.3 implies n(Q)3, contradiction. If 0=/6,
then A0/3 and
∑
(Q). Proposition 5.3 again implies n(Q)3. We similarly obtain contradictions
when 0 = /4 or 0 = /3.
Below we will apply Proposition 5.3 without mentioning it.
Case 3: R is a triangle with no right angle. In this case m(v1),m(v2)3 and we have n(Q)7.
If 0 = /8, then A05/24 and n(Q)6, contradiction. Similarly one obtains contradictions when
0 = /6 or 0 = /4.
Case 4:R = (2, 3, 8) is a right triangle.We only give the details forR=(2, 4, 6), the proofs for the other
four cases are similar. So assumeR= (2, 4, 6). In this case,A0=/12. Consider any complete geodesic c
containing xy. The vertices on c are alternatingly indexed bym1 andm2, where (m1,m2)= (2, 6), (4, 6)
or (2, 4). Notice none of x, y is indexed by 2, otherwise the quadrilateral is actually a triangle and one of
its sides contains at least four edges, contradicting Proposition 5.2. First assume (m1,m2)= (2, 4). Then
m(x) = m(y) = 4 and n(Q)8. There is at least one vertex v ∈ interior(xy) indexed by 4. Also recall
the angles of Q at x and y are even. It follows that there are at least four chambers in S(Q) incident to v
and at least two chambers incident to each of x, y, for a total of 8. Hence S(Q) is exactly the union of
these 8 chambers. But this union is a hexagon, not a quadrilateral.
Next assume (m1,m2)=(4, 6). Suppose {m(x),m(y)}={4, 6}. Then n(Q)10. There are two vertices
v1, v2 ∈ interior(xy) with m(v1) = 6, m(v2) = 4. It follows that n(Q)6 + 4 + 1 = 11, contradiction.
One similarly obtains contradictions when m(x)=m(y)= 4 or 6.
Finally we assume (m1,m2) = (2, 6). Then m(x) = m(y) = 6 and n(Q)12. There is at least one
vertex v ∈ interior(xy) with m(v) = 6. We count chambers in S(Q) incident to vertices indexed by 6:
(at least) six chambers incident to v, two incident to each of x, y. So n(Q)10. Proposition 5.3 implies
the angles at x and y are /3 and none of the other two angles of Q is /2. It follows that the vertices on
xw are alternatingly indexed by 2 and 6, and m(w) = 2. Hence m(w) = 6. Similarly m(z) = 6. Notice
interior(xw) contains exactly one vertex and so does interior(yz). There is (at least) one chamber in S(Q)
incident to each of z, w. We have exhibited 12 chambers in S(Q). It follows that S(Q) is the union of
these 12 chambers. However, one can check that this union is not a quadrilateral. 
Corollary 5.6. Let  be a Fuchsian building with chamber R, and Q = (x, y, z, w) a quadrilateral
homeomorphic to a circle and contained in the 1-skeleton of . If Q has three even angles, then R is a
right triangle.
Proof. Suppose R is not a right triangle. We may assume the angles at x, y and z are even. We count the
chambers in S(Q) that intersect xy: at least two chambers incident to x and y each, but there might be a
chamber incident to both x and y. Hence n(Q)3. On the other hand, the assumption implies
∑
(Q)70,
where 0 is the smallest angle of R. Recall R is a k-gon.
Case 1: k5. In this case, A0/2 and
∑
(Q)7/8. Proposition 5.3 (2) implies n(Q)2, contra-
dicting the fact n(Q)3.
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Case 2: k=4.As above, Proposition 5.3 (2) implies n(Q)2 if 0=/6, /4 or /3.Assume 0=/8.
Then n(Q)3. It follows that S(Q) is the union of the three chambers indicated in the ﬁrst paragraph.
However, this union is not a quadrilateral.
Case 3: R is a triangle with no right angle. Then Proposition 5.3 (2) implies n(Q)5 in each of the
cases: 0 = /8, /6 or /4. Let 000/3 be the three angles of R. We ﬁrst assume one of the
segments xy, yz contains a vertex v in the interior, say v ∈ interior(xy). Then m(v)3 and there are at
least three chambers in S(Q) incident to v. On the other hand, there are at least two chambers in S(Q)
incident to x, and at least one of them is distinct from the three chambers incident to v. Similarly there is
at least one chamber in S(Q) incident to y and different from the three chambers incident to v. Combining
with the observation n(Q)5, we see n(Q) = 5. However, the union of these ﬁve chambers is either a
pentagon or a hexagon. The contradiction means xy and yz are edges in .
Since the angle at y is even, m(x) = m(z) holds. It implies that the sum of angles at x, y and z is
20+40. Since the fourth angle ofQ is 0 andA0=− (0+0+ 0)2/3−0−0, Proposition
5.3(2) implies 250 + 20 +m(2/3− 0 − 0). By using 0/4 and analyzing all the cases, one
concludes that n(Q)3. Here we have a contradiction, as one can check that the union of three chambers
can nerve be a quadrilateral with three even angles. 
6. Geodesics at different sides
In this section we discuss a condition (“being at different sides”) on two geodesics that in most cases
guarantees the two geodesics intersect. This notion is deﬁned in Deﬁnition 1.6. In Section 6.1 we give
sufﬁcient conditions for two geodesics to be at different sides. In Section 6.2 we show that in most cases
two geodesics at different sides must intersect.
6.1. Criterion for geodesics to be at different sides
Recall for each vertex v of , the link Link(, v) is a rank two spherical building.
Deﬁnition 6.1. Let 1, 2, 1, 2 ∈  be such that the geodesics 12, 12 are contained in the 1-
skeleton and intersect at a single point v. We say 12 and 12 are locally contained in an apartment if
there is an apartment in Link(, v) that contains the four directions at v induced by 12 and 12.
Proposition 6.2. Suppose two geodesics 12 and 12 are locally contained in an apartment and meet
at a vertex v. Then 12, 12 are at different sides if any one of the following conditions holds:
(1) R is not a right triangle.
(2) R = (2, 3, 8) and 12 and 12 make a right angle at v.
The proof of Proposition 6.2 is contained in the following two lemmas.
Notice that if p1, p2 are two vertices in a generalized polygon opposite to the same vertex p, then p1
and p2 are of the same type. It follows that if two geodesics y1y2, y1y3 ⊂ (1) intersect in a nontrivial
segment y1x (x lies in the interior of y1y2, y1y3), then xy2 and xy3 make a nonzero even angle at x.
Lemma 6.3. Suppose two geodesics 12 and 12 are locally contained in an apartment. Then 12,
12 are at different sides if R is not a right triangle.
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Proof. Suppose R is not a right triangle. Let v= 12 ∩ 12. Assume i2 ∩ 12 is a ray x2 (x ∈ 12)
for some i = 1, 2. Then i2 ⊂ (1). Now both ji (j = i) and 2i are contained in (1), and the
distance between them is asymptotically 0. It follows thatji ∩ 2i is a ray yi (y ∈ 12), and (v, x, y)
is a triangle with an even angle at x, contradicting Proposition 5.2. Therefore i2 ∩ 12=∅ for i= 1, 2.
Similarly for each y ∈ 12, y = v, we have y2 ∩ 12 = ∅.
Continuity shows that each y ∈ [1, 2] : =12∪{1, 2}, y = v has a neighborhoodU in [1, 2]−{v}
such that all the points in U lie at the same side of 2. The connectivity of (v, i] : =(vi − {v}) ∪ {i}
implies that all the points in (v, i] lie at the same side of 2. On the other hand, 12 and 12 are locally
contained in an apartment. It is not hard to see that, if y, z lie in different components of 12 − {v}
and are sufﬁciently close to v, then y and z lie at different sides of 2. It follows that 1 and 2 lie at
different sides of 2. Similarly 1 and 2 lie at different sides of 1, and 1 and 2 lie at different sides of i
(i = 1, 2). 
Lemma 6.4. Suppose two geodesics 12 and 12 are locally contained in an apartment and meet at a
vertex v. Then 12, 12 are at different sides if R = (2, 3, 8) and 12 and 12 make a right angle at v.
Proof. SupposeR = (2, 3, 8) and 12 and 12 make a right angle at v. Assume there is some q ∈ 12,
q = v such that q2 ∩ 12 is a ray x2. Then (v, q, x) ⊂ (1) is a triangle with a right angle at v and an
even angle at x, contradicting Proposition 5.2. One continues to argue as in the proof of Lemma 6.3 that
12, 12 are at different sides. 
Remark 6.5. In the casewhen bothR1 andR2 have at least ﬁve edges it is possible to understand the proof
of Theorem 1.5 without having to go through too much details, if one is willing to assume Propositions
5.1–5.3. Here is how to do so. Read Sections 2, 3, 5 (skip Corollaries 5.5, 5.6), Section 6.1 (skip Lemma
6.4), Lemma 6.6 of Section 6.2, Section 7 (skip Lemmas 7.8, 7.9 and Proposition 7.13) and the following:
Let be a Fuchsian buildingwhose chamberR is a k-gonwith k5. Then Proposition 5.2 and Corollary
5.4 imply that no triangle or quadrilateral in (1) can be homeomorphic to a circle.
We claim that if two geodesics are at different sides then they intersect. Suppose 12, 12 ⊂ (1)
(1, 2, 1, 2 ∈ ) are disjoint and at different sides. Then Lemma 6.6 implies that for each i = 1, 2
there are vertices xi ∈ 12, yi ∈ 12 such that xii ∩ 12 = x′ii and yii ∩ 12 = y′ii are rays.
Since no triangle or quadrilateral in (1) can be homeomorphic to a circle, we have x1 = x2 = y′1 = y′2
and x′1 = x′2 = y1 = y2. It follows that x1x′1 makes an angle  with the two rays 12, 12 and hence
11 = x11 ∪ x1x′1 ∪ x′11 ⊂ (1), contradicting the deﬁnition of being at different sides.
Proof of condition (1) in Lemma 7.3 whenR1 and R2 have at least ﬁve edges: Let c1, c2 ⊂ A(1) be two
geodesics through v. c1, c2 are clearly at different sides. Lemma 7.2 implies c′1, c′2 are at different sides.
The preceding paragraph shows c′1 and c′2 intersect at a vertex w ∈ 2. Now let c3 ⊂ A(1) be any other
geodesic through v. Thenw1 : =c′1∩c′3 andw2 : =c′2∩c′3 are vertices. Ifw /∈ c′3, then (w,w1, w2) ⊂ (1)2
is homeomorphic to a circle, contradicting the above observation.
6.2. Intersection of geodesics at different sides
In this subsection we show, in most cases, that geodesics at different sides must intersect with each
other.
The proof of Lemma 6.3 also shows the following:
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Lemma 6.6. If 12, 12 ⊂ (1) (1, 2, 1, 2 ∈ ) are disjoint and at different sides, then for each
i = 1, 2 there are vertices xi ∈ 12, yi ∈ 12 such that xii ∩ 12 and yii ∩ 12 are rays.
Proposition 6.7. Suppose 12, 12 ⊂ (1) (1, 2, 1, 2 ∈ ) are disjoint and at different sides. Let
yi ∈ 12 (i=1, 2) be a vertex such that yii ∩12=y′ii is a ray and yii ∩12={yi}. IfR = (2, 3, 8),
then one of the following holds:
(1) y′1 ∈ interior(y′21) and y1 = y2;
(2) y′1 = y′2 and y1 = y2.
Proof. Since  is a CAT(−1) space, there is a unique geodesic segment between two points. We ﬁrst
notice y′1 ∈ interior(y′22) cannot happen, since otherwise y1y′1 ∪ y′1y′2 ∪ y′2y2 would be a geodesic
segment connecting y1 ∈ 12 and y2 ∈ 12, but different from y1y2 ⊂ 12. Therefore y′1 ∈ y′21.
Suppose y′1 = y′2, that is, y′1 ∈ interior(y′21). Notice that the two angles  y′1(y1, 2) and  y′2(y2, 1)
are even. If y1=y2, then (y1, y′1, y′2) is a triangle with two even angles, contradicting Proposition 5.2 and
the assumption that R = (2, 3, 8). Therefore y1 = y2 and (1) holds.
Now suppose y′1= y′2. We need to show y1 = y2. Suppose y1= y2. Let xi ∈ 12 (i= 1, 2) be a vertex
such that xii∩12=x′ii is a geodesic ray and xii∩12={xi}.Assume x′i=y1 for some i=1, 2. Then
the uniqueness of geodesic implies xi=y′1. It follows that i1=iy1∪y1y′1∪y′11 ⊂ (1) and i1∩21
is a ray, contradicting the assumption that 12 and 12 are at different sides. Therefore x′i = y1 for
i=1, 2. Notice x′i ∈ interior(y1i), otherwise xix′i ∪x′iy1 and xiy′1∪y′1y1 would be two distinct geodesic





1)/2. Then x1y1 = x1y′1 ∪ y′1y1 and (x1, y1, x′1) is a triangle with an even angle at x′1 and
another angle  y1(x′1, x1) =  y1(x′1, y′1)/2. Proposition 5.2 implies R = (2, 3, 8), contradicting our
assumption. 
Proposition 6.8. Suppose 12, 12 ⊂ (1) (1, 2, 1, 2 ∈ ) are disjoint and at different sides. Let
x1 ∈ 12, y1 ∈ 12 be vertices such that x11 ∩ 12 = x′11 and y11 ∩ 12 = y′11 are rays and
x11 ∩ 12 = {x1}, y11 ∩ 12 = {y1}. Then after possibly switching  with  and x with y, one of the
following holds:
(1) y′1 ∈ interior(x11) and y1 ∈ interior(x′11);
(2) y′1 ∈ interior(x11) and y1 = x′1;
(3) y′1 ∈ interior(x11) and x′1 ∈ interior(y11).
Proof. Assume x1= y′1 and x′1= y1. Then 11= 1y′1 ∪ y′1y1 ∪ y11, which implies 11 ∩ 12= y′11
is a ray, contradicting the assumption that 1 and 2 lie at different sides of 1. Hence either x1 = y′1 or
x′1 = y1. We assume x1 = y′1. The case x′1 = y1 can be handled similarly.
Suppose x1 = y′1 and x′1 = y1. Then either y′1 ∈ interior(x11) or x1 ∈ interior(y′11). Since y11 ∩
12= y′11, the uniqueness of geodesic implies that x1 ∈ interior(y′11) cannot happen and we have (2).
Suppose x1 = y′1 and x′1 = y1. There are four possibilities:
(a) y′1 ∈ interior(x11) and y1 ∈ interior(x′11);
(b) y′1 ∈ interior(x11) and x′1 ∈ interior(y11);
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(c) x1 ∈ interior(y′11) and x′1 ∈ interior(y11);
(d) x1 ∈ interior(y′11) and y1 ∈ interior(x′11).
Case (d) cannot happen since otherwise there are two different geodesic segments y1y′1 ∪ y′1x1 and
y1x
′
1∪x′1x1 from y1 to x1, a contradiction. (a) corresponds to (1) and (b) corresponds to (3). (c) corresponds
to (1) after switching x with y and  with . 
Proposition 6.9. Let 12, 12 ⊂ (1) (1, 2, 1, 2 ∈ ) be two disjoint geodesics. If 12, 12 are
at different sides, then R is a right triangle.
We need some lemmas.
Lemma 6.10. Suppose 12, 12 are disjoint and at different sides. Let x1 ∈ 12, y1 ∈ 12 be vertices
such that x11 ∩ 12= x′11 and y11 ∩ 12= y′11 are rays and x11 ∩ 12={x1}, y11 ∩ 12={y1}.
If R is not a right triangle, then Proposition 6.8(3) holds.
Proof. We prove by contradiction that Proposition 6.8(1) and (2) cannot happen. Since R is not a right
triangle, Proposition 5.2 implies there is no triangle contained in the 1-skeleton that has a nonzero even
angle. If Proposition 6.8(2) holds, then (x1, y′1, y1) is a triangle with a nonzero even angle  y′1(x1, y1),a
contradiction. Suppose Proposition 6.8(1) holds. Then x1y1 = x1x′1 ∪ x′1y1 and again (x1, y′1, y1) is a
triangle with a nonzero even angle  y′1(x1, y1), a contradiction. Finally we notice that Proposition 6.8(3)
remains the same after we switch x with y and  with . 
Lemma 6.11. Suppose 12, 12 are disjoint and at different sides. Let yi ∈ 12 (i = 1, 2) be a vertex
such that yii ∩ 12 = y′ii is a ray and yii ∩ 12 = {yi}. If R is not a right triangle, then Proposition
6.7(1) holds.
Proof. AssumeProposition 6.7(2) holds, that is, y′1=y′2 and y1 = y2. ByLemma6.10, y′1 ∈ interior(x11)
and x′1 ∈ interior(y11). If y2 ∈ interior(x′12), then x1y2 = x1y′1 ∪ y′1y2 and (x1, y2, x′1) is a triangle
with a nonzero even angle  x′1(x1, y2),contradicting Proposition 5.2. If y2 ∈ x′11, then x1y′1 ∪ y′1y2 and
x1x
′
1 ∪ x′1y2 are two distinct geodesic segments from x1 to y2, a contradiction. 
Proof of Proposition 6.9. Suppose R is not a right triangle. By Lemma 6.6 there are vertices yi ∈ 12
(i=1, 2) such that y11∩12=y′11 and y22∩12=y′22 are rays.Wemay assume y11∩12={y1},
y22 ∩ 12 = {y2}. Lemma 6.11 implies y′1 ∈ interior(y′21) and y1 = y2. Let ¯ = ¯¯ ∈ {1, 2} such
that y1 ∈ interior(y2¯). Letx¯ ∈ 12 be a vertex such that x¯¯ ∩ ¯ ¯¯ = x¯′¯ is a ray and x¯¯ ∩ 12 = {x¯}.
Lemma 6.10 implies the six points {y1, y′1, y2, y′2, x¯, x¯′} are pairwise distinct. Applying Lemma 6.10
to the rays y11 and x¯¯we see x¯ ∈ interior(y′12). Applying Lemma 6.10 again to the rays y22 and
x¯¯ we see x¯ ∈ interior(y′21). It follows that x¯ ∈ interior(y′1y′2). Similarly, if ¯¯x ∈ 12 is a vertex
such that ¯¯x ¯¯ ∩ ¯ ¯¯ = ¯¯x′ ¯¯is a ray, then ¯¯x ∈ interior(y′1y′2). Lemma 6.11 implies ¯¯x = x¯. Therefore y′1y′2
contains at least two vertices in its interior. Notice (y′1, y1, y2, y′2) ⊂ (1) is a quadrilateral with even
angles at two adjacent corners y′1 and y′2. Now Corollary 5.5 implies that R= (2, 3, 8), contradicting our
assumption. 
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The following lemma follows easily from the deﬁnition.
Lemma 6.12. Let 1, 2, 1, 2 ∈  with 12, 12 ⊂ (1). Suppose 12, 12 are at different sides
and 12 ∩ 12 = ∅, then 12 ∩ 12 is a vertex.
7. When R1, R2 are not right triangles
In this section we prove Theorem 1.5 in the case when the chambers are not right triangles.
7.1. Criterion for extension
In this subsection we ﬁnd conditions that ensure a homeomorphism h : 1 → 2 extends to an
isomorphism 1 → 2.
Let 1 and 2 be Fuchsian buildings with chambers R1 and R2, respectively, and h : 1 → 2 a
homeomorphism that preserves the combinatorial cross ratio almost everywhere. For any  ∈ 1, let
′ = h() ∈ 2. For ,  ∈ 1, we call ′′ the image of .
Since nonempty open subsets in 1 and 2 have positive measures and h preserves the combinatorial
cross ratio a.e., Lemma 3.11 implies the following result.
Lemma 7.1. For any ,  ∈ 1, lies in the 1-skeleton of 1 if and only if its image lies in the 1-skeleton
of 2. Furthermore, any edge in  is contained in exactly q + 1 chambers if and only if any edge in ′′
is contained in exactly q + 1 chambers.
Lemma 7.1 generalizes Lemma 2.4.8 of [4]. It implies that h(B1)= B2, where Bi (i = 1, 2) is the set
of regular points in i . The following crucial lemma follows easily from Lemmas 7.1 and 3.12.
Lemma 7.2. Let 1, 2, 1, 2 ∈ 1 with 12, 12 ⊂ (1)1 . Then 12, 12 ⊂ 1 are at different sides
if and only if ′1′2, ′1′2 ⊂ 2 are at different sides.
For any vertex v ∈ 1, let Dv be the family of geodesics passing through v and contained in (1)1 , and
D′v the family of images of the geodesics inDv . For each apartment A containing v, letDA,v be the set of
geodesics passing through v and contained in A(1), and D′A,v the set of images of the geodesics in DA,v .
We shall prove that for any vertex v ∈ 1, the geodesics in D′v intersect in a unique vertex of 2.
Lemma 7.3. Let v ∈ 1 be a vertex. Suppose the following conditions hold:
(1) for any apartment A containing v, the geodesics in D′A,v intersect in a unique vertex vA ∈ 2;
(2) vA1 = vA2 holds for any two apartments A1, A2 ⊂ 1 containing v with Link(A1, v) ∩ Link(A2, v)
a half apartment in Link(1, v).
Then the geodesics in D′v intersect in a unique vertex.
Proof. Let c, c′ ⊂ (1)1 be two geodesics that pass through v. Let A and A′ be two apartments that
contain c and c′, respectively. Lemma 2.2 implies there is a sequence of apartments containing v: A0 =
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A, . . . , An=A′ such that Link(Ai, v)∩Link(Ai+1, v) (0in) is a half apartment in Link(1, v). Now
the lemma follows from the assumptions. 
Lemma 7.4. Suppose for any vertex v ∈ 1, the geodesics inD′v intersect in a unique vertex of2 denoted
by f (v), and for any vertexw ∈ 2, the family of geodesics {h−1()h−1() : ,  ∈ 2, w ∈  ⊂ (1)2 }
also intersect in a unique vertex of 1. Then the map f : (0)1 → (0)2 is a bijection that extends to an
isomorphism from 1 to 2.
Proof. The map f is clearly bijective. We claim for any two vertices v1, v2 ∈ 1, v1 and v2 are adjacent
if and only if f (v1) and f (v2) are adjacent. The claim implies f extends to an isomorphism between the
1-skeletons of 1 and 2. Lemma 7.5 then implies that f extends to an isomorphism from 1 to 2. Next
we prove the claim.
Let ,  ∈ 1 with  ⊂ (1)1 . By the deﬁnition of f, f (v) ∈ ′′ for any vertex v ∈ . It sufﬁces to
show that if x, y ∈  are two vertices such that x ∈ interior(y), then f (x) ∈ interior(f (y)′). Since
the link Link(1, x) is a thick spherical building, there is a an edge e= xz such that zx ∪ x is a geodesic
ray and xz ∩ xy = {x}. We extend the ray zx ∪ x to obtain a complete geodesic 1 ⊂ (1)1 . We note
x ∈ 1 and y /∈ 1. The images ′′ and ′′1 of  and 1 are contained in the 1-skeleton of 2 and
have a common point at inﬁnity. Since 2 is CAT(−1), the intersection ′′ ∩ ′′1is a ray asymptotic to
′. The assumption and the fact that x ∈  ∩ 1 imply f (x) ∈ ′′ ∩ ′′1. If f (y) ∈ interior(f (x)′),
then f (y) ∈ ′′ ∩ ′′1, which in turn implies y ∈  ∩ 1, contradicting y /∈ 1. 
Lemma 7.5. Any isomorphism between the 1-skeletons of two Fuchsian buildings extends to an isomor-
phism between the buildings.
Proof. First we make the following observation: Let  be a Fuchsian building whose chamber has k4
sides,A ⊂  an apartment,  ⊂ A(1) a complete geodesic contained in the 1-skeleton of A and x = y ∈ 
two vertices; then any edge path c in A from x to y that is different from the segment xy has combinatorial
length strictly larger than that of xy. To see this, for each vertex v ∈ interior(xy) we choose a complete
geodesic v =  through v and contained in A(1). Since k4, Proposition 5.2 implies that there is no
triangle in A(1). Hence these geodesics v intersect c at different vertices and the ﬁrst and last subpaths
of c contain at least two edges, and the observation follows.
The observation implies that any edge loop c ⊂ A(1) that contains a simple loop has combinatorial
length at least k: let c ⊂ A(1) be a simple loop with the smallest combinatorial length; then any two
consecutive edges e1, e2 ⊂ c lie on the boundary of a (unique) chamber C(e1, e2), for otherwise there
is a complete geodesic  ⊂ A(1) separating e1 and e2 and the above observation implies that there
is a simple loop with shorter combinatorial length; let e1, e2, e3 be three consecutive edges in c, then
C(e1, e2) = C(e2, e3), for otherwise the complete geodesic containing e2 separates e1 and e3 and the
above observation implies there is a simple loop with shorter combinatorial length; it follows that c is the
boundary of a chamber and hence has combinatorial length k.
Leti (i=1, 2) be aFuchsian buildingwhose chamber has ki sides, andf : (1)1 → (1)2 an isomorphism
between the 1-skeletons. If one of k1, k2 equals 3, then Proposition 5.2 implies k1 = k2 = 3, and f sends
the boundary of a chamber to the boundary of a chamber and hence extends to an isomorphism between
the buildings. Next we assume k2k14.
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Let c1 ⊂ (1)1 be the boundary of a chamber in 1. Then c2 : =f (c1) is a simple edge loop in 2. Let
e1, e2 be two consecutive edges in c2. We claim there is a (unique) chamber C(e1, e2) containing e1 and
e2. Suppose the claim is false. Then there is an apartment A in 2 that contains e1, e2 and a complete
geodesic  ⊂ A(1) that separates e1 and e2. Let C ⊂ A be a chamber that contains e1. Then the retraction
rA,C : 2 → A maps c2 onto an edge loop in A that contains a simple loop (note r−1A,C(e1) = e1). The
observation in the ﬁrst paragraph shows that rA,C(c2) has combinatorial length (=k1) strictly larger than
k2, contradicting our assumption. Let e1, e2, e3 be three consecutive edges in c2. A similar argument then
implies C(e1, e2) = C(e2, e3). It follows that c2 is the boundary of a chamber, and that f extends to an
isomorphism between the buildings. 
By Lemmas 7.3 and 7.4, to prove Theorem 1.5 we only need to verify the two conditions in Lemma 7.3.
7.2. Proof of Theorem 1.5 when R1, R2 are not right triangles
In this subsection we shall show that the conditions in Lemma 7.3 are satisﬁed when R1, R2 are not
right triangles.
Lemma 7.6. Let  be a Fuchsian building, and 1, 2, 3 ∈  be three points such that 12, 23 and
31 all lie in (1). Then exactly one of the following occurs:
(1) there exists a vertex v ∈  such that 12 = v1 ∪ v2, 13 = v1 ∪ v3 and 23 = v2 ∪ v3;
(2) R = (2, 3, 8) and there are vertices v1, v2, v3 such that 12 ∩ 13 = v11, 21 ∩ 23 = v22,
13 ∩ 23 = v33; furthermore, T : =(v1, v2, v3) has three even angles and S(T ) is as shown in
Fig. 3(h).
Proof. Since  is CAT(−1) and 12, 23 31 are all contained in the 1-skeleton, the intersections
12∩13, 12∩23 and 13∩23 are all rays. Let v be the vertex with 12∩13=v1. If v ∈ 23,
then the convexity of geodesic implies 23 = v2 ∪ v3 and so (1) holds. Suppose v /∈ 23. Then there
are vertices v2 ∈ interior(v2), v3 ∈ interior(v3) such that 12 ∩ 23 = v22 and 13 ∩ 23 = v33.
Now T = (v, v2, v3) ⊂ (1)is a triangle with three even angles. Proposition 5.2 implies that R= (2, 3, 8)
and S(T ) is as shown in Fig. 3(h), hence (2) holds. 
Remark 7.7. In the above proof we came up with a triangle T ⊂ (1), which has three even angles. We
then check the triangles listed in Proposition 5.2 and ﬁnd out that only one of them has this property and
the chamber has to be (2, 3, 8). We shall use Proposition 5.2 very often in this paper. Usually a triangle
T ⊂ (1) is present which has a certain property, for example, “has an even angle”, “one side contains
one or two vertices in the interior”, “has an angle > /2”. When we apply Proposition 5.2, we check
the triangles listed in Proposition 5.2 to see whether any of them or which ones of them have the stated
property. This is how we apply Proposition 5.2.
Recall for each vertex v in a Fuchsian building , the link Link(, v) is a generalized m-gon for some
m ∈ {2, 3, 4, 6, 8}. We deﬁne m(v)=m if Link(, v) is a generalized m-gon.
Lemma 7.8. Suppose the following condition holds:
for any two geodesics 12, 12 ⊂ 1 (1, 2, 1, 2 ∈ 1) that are locally contained in an apartment
and are at different sides, their images ′1′2, ′1′2 have nonempty intersection.
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If R2 is not a right triangle, then for any vertex v ∈ 1 with m(v) = 3 and any apartment A  v, the
geodesics in D′A,v intersect in a unique vertex vA.
Proof. We observe that for any two geodesics 12, 12 ⊂ 1 (1, 2, 1, 2 ∈ 1) that are locally
contained in an apartment and are at different sides, the intersection ′1′2∩′1′2 is a single point. Otherwise
′1′2 ∩ ′1′i is a ray for some i = 1, 2, which implies that 12 ∩ 1i is a ray, contradicting the fact that
12 and 12 are at different sides.
The case m(v) = 2 follows from the assumption. Assume m(v)4. First suppose there are three
members c1, c2, c3 of D′A,v intersecting at one point w. Suppose c is a member of D′A,v that does not
containw. Then the three intersection points pi=ci ∩c(i=1, 2, 3) are pairwise distinct.We may assume
p2 lies between p1 and p3. Then (w, p1, p3) ⊂ (1)2 is a triangle that is not the boundary of a chamber,
contradicting Proposition 5.2.
Now suppose the intersection of any three members of D′A,v is empty. Fix some c ∈ D′A,v . Since
m(v)4, there are at least three members c1, c2, c3 of D′A,v that are distinct from c. Let pi = c ∩ ci
(i = 1, 2, 3). We may assume p2 lies between p1 and p3. Let w = c1 ∩ c3. We obtain a contradiction as
above. 
Lemma 7.9. Suppose the following condition holds:
for any two geodesics 12, 12 ⊂ 1 (1, 2, 1, 2 ∈ 1) that are locally contained in an apartment
and are at different sides, their images ′1′2, ′1′2 have nonempty intersection.
If R2 is not a right triangle, then for any vertex v ∈ 1 with m(v)= 3 and any apartment A  v, the
geodesics in D′A,v intersect in a unique vertex vA.
Proof. Let ii ⊂ A(1) (i , i ∈ A, i = 1, 2, 3) be the three geodesics that pass through v. We may
assume  v(i , j ) = 2/3 for i = j . Note Link(1, v) is a thick generalized 3-gon, Link(A, v) is an
apartment in Link(1, v) and the initial directions of v1, v2, v3 are of the same type. Proposition 2.3
implies that there is an edge vv′ ⊂ 1 such that v′v ∪ vi (i = 1, 2, 3) is still a geodesic. We extend vv′
to a ray v ⊃ vv′ ( ∈ 1). Then i = v ∪ vi for i = 1, 2, 3.
By assumption, ′1′1 and ′2′2 intersect at some vertex w. Assume exactly one of ′1′, ′2′ contains
w, say w ∈ ′1′ and w /∈ ′2′. Then ′′1 = w′ ∪ w′1, and ′2′ ∩ ′2′2 = x′2 and ′′2 ∩ ′′1 = y′
for some x ∈ interior(w′2), y ∈ interior(w′).It follows that (w, x, y) ⊂ (1)2 is a triangle with two
even angles  x(w, y),  y(w, x). Proposition 5.2 implies R2 = (2, 3, 8), contradicting our assumption.
Therefore either w ∈ ′1′ ∩ ′2′ or w /∈ ′1′, w /∈ ′2′.
Assume none of ′1′, ′2′ contains w. Then there are x ∈ interior(w′2), y ∈ interior(w′1) such that
′′2∩′2′2=x′2, ′′1∩′1′1=y′1. Note y′ ∩′2′2=∅, otherwise if p=y′ ∩′2′2 then (w, y, p) ⊂ (1)2
is a triangle with an even angle  y(w, p), contradicting Proposition 5.2. In particular, x /∈ y′ ⊂ ′1′.It
follows that ′′1 ∩ ′′2 = z′ for some z ∈ interior(x′). Similar argument shows z ∈ interior(y′). Now
(z, y,w, x) ⊂ (1)2 is a quadrilateralwith three even angles  x(w, z),  y(w, z) and  z(x, y), contradicting
Corollary 5.6. Therefore both ′1′ and ′2′ contain w.
Assume w /∈ ′3′3. Then ′1′1 and ′3′3 intersect at some vertex w′ = w. Then the above argument
shows that both ′1′ and ′3′ contain w′. In particular, ′1′ contains both w and w′. We have either w′ ∈
interior(w′) orw ∈ interior(w′′). First supposew′ ∈ interior(w′). Thenw′ ∈ interior(w′1). It follows
that  w(′2, ′1)= w(′2, w′)= w(′2, ′),which is  since ′2′ containsw. Hence ′2′1=w′2∪w′1 ⊂ (1)2 .
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Then 21 must be a geodesic contained in the 1-skeleton of 1, which is not true since 11 and 22 are
contained in the apartment A. Similarly one obtains a contradiction if w ∈ interior(w′′). 
Lemma 7.2 and Proposition 6.9 imply that the condition in Lemmas 7.8 and 7.9 is satisﬁed when R2
is not a right triangle. It follows that condition (1) of Lemma 7.3 holds when R2 is not a right triangle.
When R1, R2 are not right triangles, Theorem 1.5 follows from Proposition 7.10, Lemmas 7.3 and 7.4.
Proposition 7.10. Suppose condition (1) of Lemma 7.3 is satisﬁed and R1, R2 are not right triangles.
Then condition (2) of Lemma 7.3 is also satisﬁed.
We prove Proposition 7.10 in two lemmas depending on whether m(v)= 3.
Lemma 7.11. Suppose condition (1) of Lemma 7.3 is satisﬁed and R1, R2 are not right triangles. Then
condition (2) of Lemma 7.3 holds for those v with m(v) = 3.
Proof. Let v ∈ 1 be a vertex with m(v) = 3 and A1, A2 ⊂ 1 two apartments containing v with
Link(A1, v) ∩ Link(A2, v) a half apartment in Link(1, v). Let a, b ∈ Link(1, v) be the two opposite
vertices of the half apartment Link(A1, v)∩Link(A2, v), and c themidpoint of Link(A1, v)∩Link(A2, v).
Note c is a vertex asm(v) = 3. Denote by ci (i= 1, 2) the vertex in Link(Ai, v) opposite to c. The points
i , i ,i , i ∈ Ai (i = 1, 2) are deﬁned as follows: a is the initial direction of vi , b is the initial
direction of vi , c is the initial direction of vi and ci is the initial direction of vi . Note ij =vi ∪vj
and12 = v1 ∪ v2.
Note 12 and 11 are locally contained in an apartment. Since R1 is not a right triangle, Lemma 6.3
implies 12 and 11 are at different sides. It follows that ′1′2 and ′1′1 are at different sides. Since R2 is
not a right triangle, Proposition 6.9 implies ′1′2∩′1′1 = ∅. Similarly the following holds: ′1′2∩′2′2 = ∅,
′2′i ∩ ′1′1 = ∅ and ′2′2 ∩ ′1′i = ∅(i = 1, 2).
Let w= ′1′1 ∩ ′1′1. We notice w= vA1 . Since R2 = (2, 3, 8), Lemma 7.6 applied to the three points
′1, ′1, ′2 shows that there is somew′ ∈ ′1′1 such that ′1′2=w′′1∪w′′2 and′1′2=w′′1∪w′′2.Assume
w′ ∈ interior(w′1). Then w is the only intersection point of ′i′1(i = 1, 2) with ′1′1. It follows that ′1′2
and ′1′1 are disjoint, contradicting the conclusion in the second paragraph. Similarly,w′ ∈ interior(w′1)
is impossible and we conclude w′ = w. In particular, w ∈ ′2′1.
We need to provew ∈ ′2′2. If 2=1, then we are done. Suppose 2 = 1, then 22∩ 21 is a ray.
It follows that ′2′2∩′2′1=w2′2 (for somew2 ∈ ′2′1) is also a ray.Assumew2 ∈ interior(w′2). By the
second paragraph ′2′2 and ′1′1 intersect at some point w1 ∈ ′1′1. Now we have a triangle (w,w1, w2)
with an even angle  w2(w,w1), contradicting Proposition 5.2. Therefore w ∈ w2′2 ⊂ ′2′2.
Next we prove w ∈ ′2′2. By the second paragraph, ′2′2 and ′1′1 intersect at some point x. If
x ∈ interior(w′1), then ′2′2 ∩ ′1′2=∅, contradicting the second paragraph. Similarly x /∈ interior(w′1)
and we conclude w = x ∈ ′2′2. 
Lemma 7.12. Suppose condition (1) of Lemma 7.3 is satisﬁed and R1, R2 are not right triangles. Then
condition (2) of Lemma 7.3 holds for those v with m(v)= 3.
Proof. Let v ∈ 1 be a vertex with m(v) = 3, A1, A2 ⊂ 1 be two apartments containing v with
Link(A1, v) ∩ Link(A2, v) a half apartment in Link(1, v). Let a, b ∈ Link(1, v) be the two opposite
vertices of the half apartment Link(A1, v)∩Link(A2, v), and c, d the other two vertices on Link(A1, v)∩
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Link(A2, v) such that a and c are adjacent. Let ci, di ∈ Link(Ai, v) (i= 1, 2) be vertices such that ci and
c are opposite, and di and d are opposite. The points i , i ,i , i , i ,	i ∈ Ai (i = 1, 2) are deﬁned as
follows: a is the initial direction of vi , b is the initial direction of vi , c is the initial direction of vi , d
is the initial direction of vi , ci is the initial direction of vi and di is the initial direction of v	i .
Note vA1 = ′1′1 ∩ ′1	′1 and vA2 = ′2′2 ∩ ′2	′2. It sufﬁces to show vA1 ∈ ′2	′2 and vA1 ∈ ′2′2. We
shall only prove vA1 ∈ ′2	′2, the proof of vA1 ∈ ′2′2 is similar.
We ﬁrst prove vA1 ∈ ′1	′2. Suppose vA1 /∈ ′1	′2. Note d2 is opposite to both d and c1. We have
1	2 = v1 ∪ v	2 and 1	2 = v1 ∪ v	2. It follows that ′1	′2, ′1	′2 ⊂ (1)2 . The assumption vA1 /∈ ′1	′2
implies ′1	′1∩ ′1	′2=w1′1 for somew1 ∈ interior(vA1′1). Assume vA1, w1 ∈ 	′2′1.Then 	′2′1=vA1′1∪
vA1w1 ∪w1	′2. Hence  vA1 (′1, ′1)=  and ′1′1 = vA1′1 ∪ vA1′1 ⊂ 
(1)
2 , contradicting the fact that 11
is not contained in (1)1 . Hence at most one of vA1, w1 lies in 	′2′1. Assume vA1 ∈ 	′2′1 and w1 /∈	′2′1.
Then 	′2′1 ∩ 	′2′1 = w2	′2 for some w2 ∈ interior(w1	′2). It follows that (vA1, w1, w2) ⊂ (1)2 is a
triangle with an even angle at w1, contradicting Proposition 5.2 since R2 is not a right angle triangle.
Similarly,w1 ∈ 	′2′1 and vA1 /∈	′2′1 cannot occur at the same time. Hence we have vA1, w1 /∈	′2′1. Then
	′2′1 ∩ ′1′1 = w3′1 and 	′2′1 ∩ 	′2′1 = w4	′2 for some w3 ∈ interior(vA1′1),w4 ∈ interior(w1	′2). It
follows that (vA1, w1, w4, w3) ⊂ (1)2 is a quadrilateralwith three even angles atw1, w3, w4, contradicting
Corollary 5.6 since R2 is not a right angle triangle.
Now we prove vA1 ∈ ′2	′2. Suppose vA1 /∈ ′2	′2. Note d is opposite to both d1 and d2 and we have
2	i=v2∪v	i . It follows that ′2	′i ⊂ (1)2 .The assumptionvA1 /∈ ′2	′2 then implies	′2′1∩	′2′2=w5	′2 for
somew5 ∈ interior(vA1	′2).Assume vA1, w5 ∈ ′2	′1. Then  vA1 (	′1,	′2)= and	′1	′2=vA1	′1∪vA1	′2 ⊂
(1)2 . It follows that 	1	2 ⊂ (1)1 . Notice  v(	1,	2) = 2/3. It follows that 	1	2 ∩ v	i = vi	i for
some vi ∈ interior(v	i). Here we have a triangle (v, v1, v2) ⊂ (1)1 with an angle 2/3, contradicting
Proposition 5.2 since R1 = (2, 3, 8). Hence ′2	′1 contains either exactly one of vA1 , w5 or none of them.
In each of these two cases, the argument in the preceding paragraph yields a contradiction. 
Proposition 7.13. Let 1 and 2 be two Fuchsian buildings, and h : 1 → 2 a homeomorphism that
preserves the combinatorial cross ratio almost everywhere. If one of R1, R2 is a right triangle, then so is
the other.
Proof. We assume R1 is a right triangle and R2 is not, and shall derive a contradiction from this. Let A
be an apartment in 1 and C any chamber in A. Denote the vertices of C by x, y, z such that the angle at
y is /2. Denote the geodesics in A that contain xz, xy and yz, respectively, by c1, c2 and c. Let C′ be the
chamber in A that shares the edge xy with C. Denote the third vertex of C′ by z′ and the geodesic in A
containing xz′ by c3.
It is clear that any two of the four geodesics c, c1, c2, c3 are at different sides. Let c′ and c′i (i= 1, 2, 3)
be the images of c and ci , respectively. Lemma 7.2 implies that any two of the four geodesics c′, c′1, c′2,
c′3 are also at different sides. Since R2 is not a right triangle, Proposition 6.9 implies any two of the 4
geodesics c′, c′1, c′2, c′3 have nonempty intersection. Then the argument in the proof of Lemma 7.8 shows
that these four geodesics have a common point. In particular, the three geodesics c′1, c′2 and c′, which are
the images of the three geodesics containing the three edges of the chamber C, have a unique common
point wC . We have also shown the following: if two chambers C1, C2 ⊂ A share an edge e and the angle
of C1 at one of the two vertices of e is /2, then wC1 = wC2 .
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Suppose two chambers C1, C2 ⊂ A share an edge e = v1v2 and both angles of C1 at the two vertices
of e are = /2. Then at least one of these two angles is = /3, say the angle at v1 is = /3. There are
m(v1)4 geodesics contained in A(1) and passing through v1. Then the argument in the proof of Lemma
7.8 again shows that their images in 2 have a common point. Since the images of the two geodesics
containing the two edges of Ci incident to v1 intersect at wCi , we have wC1 = wC2 . Together with the
previous paragraph we conclude wC1 = wC2 for any two adjacent chambers C1, C2 ⊂ A. Since A is
chamber connected,wC1=wC2 for any two chambersC1,C2 in A. It follows that there is a vertexw ∈ 2
such that ′′ contains w for any geodesic  contained in the 1-skeleton of A.
Since the map h : 1 → 2 is a homeomorphism, it induces a homeomorphism h×h : 1×1 →
2×2 satisfyingh×h(1×1−{(, ) :  ∈ 1})=2×2−{(, ) :  ∈ 2}. LetE1={(, ) :
,  ∈ A and  ⊂ A(1)} and E2 = {(′, ′) : ′, ′ ∈ 2 and ′′  w}.Then h× h(E1) ⊂ E2. On the
other hand, E2 ⊂ 2× 2−{(, ) :  ∈ 2} and E1 /⊂ 1× 1−{(, ) :  ∈ 1}, contradicting
the fact that h× h is a homeomorphism. 
8. The right triangle case
In this section, we prove Theorem 1.5 when both R1 and R2 are right triangles but none of them is
(2, 3, 8). The exceptional case (2, 3, 8) will be considered in the next section. We remind the reader that
Proposition 5.2 shall be used in the manner indicated in Remark 7.7.
8.1. Types of geodesics
Let  be a Fuchsian building. Each complete geodesic contained in (1) is a labeled complex with the
induced labeling. Two complete geodesics contained in (1) have the same type if they are isomorphic
as labeled complexes. Let us ﬁrst ﬁnd all possible types of geodesics. Since geodesics are contained
in apartments and all apartments are isomorphic as labeled complexes, we only need to look at one
apartment. Let A be a ﬁxed apartment and C ⊂ A a ﬁxed chamber. Since the action of Coxeter group
preserves the labeling, for each complete geodesic c1 ⊂ A(1), there is a complete geodesic c2 ⊂ A(1)
containing an edge of C such that c1 and c2 are of the same type. So there are at most k different types
of geodesics. Let c ⊂ A(1) be a complete geodesic and v ∈ c a vertex labeled by {i, i + 1}. Note that if
m(v) is even, then the two edges of c incident to v have the same labeling; and if m(v) = 3, then these
two edges are labeled by {i} and {i + 1} respectively. From this we obtain a description of all different
types of geodesics in . If m(v) = 3 for all vertices, then there is only one type of geodesics and the
edges on each complete geodesic are periodically labeled by {1}, {2}, . . . , {k}. Assume there is at least
one vertex v with m(v) = 3. We consider the boundary R of R and let R′ be the complement in R
of all vertices v with m(v) = 3. Let L be a component of R′.Then the edges of L are linearly labeled
by {i}, {i + 1}, . . . , {j}. Let c be a complete geodesic containing an edge labeled by some {l} satisfying
i lj . Then the edges of c are periodically labeled by {i}, {i + 1}, . . . , {j}, {j}, . . . , {i + 1}, {i}. It is
clear that this establishes a 1-to-1 correspondence between the types of geodesics and the components
of R′.
Suppose R′ has at least two components, or equivalently, there are at least two vertices w of R with
m(w) = 3. Now let v ∈  be a ﬁxed vertex. Consider the set Dv of all complete geodesics through
v that are contained in (1). The above 1-to-1 correspondence between the types of geodesics and the









Fig. 4. Two disjoint geodesics at different sides.
components of R′ shows the following: if m(v)= 3, then all the geodesics in Dv have the same type; if
m(v) = 3, then c1, c2 ∈ Dv have the same type if and only if they make an even angle at v. In general, if
two geodesics c1, c2 ⊂ (1) intersect at a vertex v, they actually make four angles at v. If m(v) is even,
then either all four angles are even, or all four angles are odd; if m(v) = 3, then two of the angles are
even and two are odd. Hence two intersecting geodesics c1, c2 ⊂ (1) have the same type if and only if
at least one of the angles they make is even.
Now suppose R is a right triangle. If R = (2, 3, 8), then there are three different types of geodesics; if
R = (2, 3, 8), then there are only two different types of geodesics.
8.2. Two disjoint geodesics at different sides
Recall that there are only six right triangles (up to isometry) that can appear as the chamber of a
Fuchsian building: (2, 8, 8), (2, 6, 8), (2, 6, 6), (2, 4, 6), (2, 4, 8), (2, 3, 8).
In Lemma6.6 and Propositions 6.7 and 6.8we have done some preliminary studies on disjoint geodesics
that are at different sides. Here we continue this analysis.
Lemma 8.1. Suppose R = (2, 3, 8) is a right triangle. Let 12, 12 ⊂ (1) (1, 2, 1, 2 ∈ ) be
geodesics that are disjoint and are at different sides. Let xi ∈ 12, yi ∈ 12 be vertices such that
xii ∩ 12 = x′ii , yii ∩ 12 = y′ii are rays and xii ∩ 12 = {xi}, yii ∩ 12 = {yi}. If y′1 = y′2 and
y1 = y2, then R= (2, 4, 6) or (2, 4, 8),m(y′1)= 4,m(y1)=m(y2)= 6 or 8, and there is a conﬁguration
as shown in Fig. 4.
Proof. Recall in a generalizedm-gon opposite vertices have the same type ifm is even. Since Link(, y′1)
is a generalized m(y′1)-gon and m(y′1) is even, it follows from the assumptions that the angle  y′1(y1, y2)
is even. Proposition 5.2 applied to (y1, y2, y′1) shows that y1y2 contains exactly one vertex in the interior,
m(y1)=m(y2)4 and  y1(y′1, y2)=  y2(y′1, y1)= /m(y1).
First we assume one of x′1, x′2 does not lie on y1y2. Then there are i and j with yj+1 ∈ interior(yjx′i).
Here, below and in Fig. 4 the indices j + 1, i + 1, l + 1 are taken mod 2. Notice  yj+1(y′1, x′i) −
yj+1(yj , y
′
1)3/4. If xi ∈ y′1j+1, then xiyj+1 = xiy′1 ∪ y′1yj+1 and (xi, yj+1, x′i) is a triangle with
sum of angles   yj+1(y′1, x′i) + /8 + /8 = , which is impossible. Hence xi ∈ y′1j . In this case
xiyj = xiy′1 ∪ y′1yj and (xi, yj , x′i) is a triangle. By the deﬁnition of xi ,  x′i (xi, yj )either = or is
an even angle.  x′i (xi, yj ) =  is impossible since otherwise xix′i ∪ x′iyj and xiy′1 ∪ y′1yj would be
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two distinct geodesic segments from xi to yj . Therefore (xi, yj , x′i ) has an even angle at x′i . Since
yj+1 ∈ interior(yjx′i), Proposition 5.2 implies m(yj+1) = 2, contradicting the above observation that
m(y1)=m(y2)4. The contradiction shows x′1, x′2 ∈ y1y2.
Assume x′i ∈ interior(y1y2) for some i = 1, 2. Then x′i is the only vertex in the interior of y1y2.
There is some j = 1, 2 with xi ∈ y′1j . The uniqueness of the geodesic xiyj shows  x′i (xi, yj ) = .
Hence  x′i (xi, yj ) is an even angle. Since x
′
iyj contains no vertex in the interior, Proposition 5.2 applied
to (xi, x′i , yj ) implies that m(y′1) = 2, contradicting the fact that (y′1, y1, y2) has an even angle at y′1.
Therefore we conclude {x′1, x′2} ⊂ {y1, y2}.
There is some i=1, 2with x′1=yi . The uniqueness of geodesic implies x1 ∈ y′1i+1 and  x′1(x1, yi+1) =
. We have x1yi+1 = x1y′1 ∪ y′1yi+1 and (x′1, x1, yi+1) has an even angle  x′1(x1, yi+1). Since yiyi+1 has
a vertex v in the interior, Proposition 5.2 implies the following: R = (2, 4, 6) or (2, 4, 8); m(v) = 2;
m(y′1) = 4; there is a vertex v1 ∈ interior(x1x′1) with m(v1) = 2; (y′1, x1, v1), (y′1, x′1, v1), (y′1, x′1, v),
(y′1, yi+1, v) are chambers and S(T ) is the union of these four chambers. Applying the same argument
to x′2 we obtain the following: x′2 = yi+1,x2 ∈ interior(y′1i); there is a vertex v2 ∈ interior(x2x′2) such
that (y′1, x2, v2) and (y′1, x′2, v2) are chambers. 
Lemma 8.2. Suppose R = (2, 3, 8) is a right triangle. Let 12, 12 ⊂ (1) (1, 2, 1, 2 ∈ ) be
geodesics that are disjoint and are at different sides. Let xi ∈ 12, yi ∈ 12 be vertices such that
xii ∩ 12 = x′ii , yii ∩ 12 = y′ii are rays and xii ∩ 12 = {xi}, yii ∩ 12 = {yi}. Suppose y′1 ∈
interior(x11) and y1 ∈ interior(x′11). Then R = (2, 4, 6) or (2, 4, 8), and there must be a conﬁguration
isomorphicto the one in Fig. 4.
Proof. If x′2 = x′1, then we are done by Lemma 8.1. We suppose x′2 = x′1. By Proposition 6.7, x′2 ∈
interior(x′12). Note m(x′1) = 2, otherwise  x′1(x1, y1)=  x′1(x1, x′2)= , contradicting Proposition 6.7.
First assume x2 ∈ y′11. In this case x2y1 = x2y′1 ∪ y′1y1 and (x2, y1, x′2) has an even angle  x′2(x2, y1).
Since y1x′2 contains the vertex x′1 in the interior, Proposition 5.2 implies m(x′1)= 2, a contradiction.
Note Proposition 6.7 implies x2 = x1. Next we assume x2 ∈ interior(x1y′1). Since (y′1, x1, y1) has
an even angle at y′1, Proposition 5.2 implies m(x2) = 2 and  x2(x1, x′1) = /2. If  x2(x1, x′2) = , then
22 = x22 ∪ x2x′2 ∪ x′22 ⊂ (1), contradicting the fact that 12 and 12 are at different sides. Hence
x2(x1, x
′
2) = /2, which implies  x2(x′2, x′1) =  and so x′1x′2 = x′1x2 ∪ x2x′2 is not contained in12, a
contradiction. We conclude x2 ∈ interior(x12).
Since (y′1, y1, x1) is a triangle with an even angle  y′1(x1, y1) and the side x1y1 contains the vertex x
′
1
withm(x′1) = 2 in the interior, Proposition5.2 impliesR=(2, 4, 6)or (2, 4, 8),m(x′1)=4 and  x1(x′1, y′1)=
/6 or /8. It follows that  x1(x2, x′1) = 5/6 or 7/8. Consider the quadrilateral Q = (x1, x′1, x′2, x2):
x′1(x1, x
′
2)/2 since it is even andm(x′1)=4;  x′2(x2, x′1)/4 since it is even. Proposition 5.3 implies
n(Q)2, which is impossible since there are at least 5 or 7 chambers in S(Q) incident to x1. 
Lemma 8.3. Suppose R = (2, 3, 8) is a right triangle. Let 12, 12 ⊂ (1) (1, 2, 1, 2 ∈ ) be
geodesics that are disjoint and are at different sides. Let xi ∈ 12, yi ∈ 12 be vertices such that
xii ∩ 12 = x′ii , yii ∩ 12 = y′ii are rays and xii ∩ 12 = {xi}, yii ∩ 12 = {yi}. Suppose
y′1 ∈ interior(x11) and y1 = x′1. Then R = (2, 4, 6) or (2, 4, 8), and there must be a conﬁguration
isomorphic to the one in Fig. 4.
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Proof. The lemma follows from Lemma 8.1 if y′2 = y′1. We assume y′2 = y′1. Proposition 6.7 implies
y′2 ∈ interior(y′12).We ﬁrst assume y′2 ∈ interior(y′1x1). Note (y′1, x1, y1) is a triangle with an even angle
at y′1 and the side y′1x1 contains the vertex y′2 in the interior. Proposition 5.2 impliesm(y′2)= 2, which in
turn implies  y′2(y
′
1, y2)=  y′2(x1, y2)= , contradicting Proposition 6.7. Hence y′2 ∈ x12.
Now assume y′2 = x1. The uniqueness of geodesic implies that y2 ∈ y12. Proposition 6.7 implies
y2 = y1. The segment x1y1 is the side of (y′1, x1, y1) opposite to an even angle. Proposition 5.2 implies
x1y1 contains exactly one vertex in the interior. On the other hand, (x1, y1, y2) has an even angle at y1. By
Proposition 5.2, R= (2, 4, 6) or (2, 4, 8), y1y2 contains exactly one vertex v in the interior andm(v)=2,
and x1y2 also contains exactly one vertex v′ in the interior and m(v′)= 4. Now let x2 ∈ 12 be a vertex
such that x22 ∩ 12 = x′22 is a ray and x22 ∩ 12 = {x2}. By Proposition 6.7 and Lemma 8.1 we
may assume x′2 ∈ interior(y12). Theargument in the ﬁrst paragraph shows x′2 = v. Assume x′2= y2. The
uniqueness of geodesic shows x2 ∈ interior(x11). The triangle (x1, x2, y2) has an even angle at x1 and
the side x1y2 contains the vertex v′ with m(v′) = 4, contradicting Proposition 5.2. Therefore we must
have x′2 ∈ interior(y22). The lemma follows from Lemma 8.2 if x2 ∈ interior(x12). Proposition 6.7
implies x2 = x1. Therefore x2 ∈ y′11. In this case x2y1 = x2y′1 ∪ y′1y1, (x2, y1, x′2) has an even angle at
x′2 and the side y1x′2 contains two vertices v, y2 in the interior, contradicting Proposition 5.2.
Finally, we assume y′2 ∈ interior(x12). Proposition 6.7 implies y2 = y1. The lemma follows from
Lemma 8.2 if y2 ∈ interior(y11). We now assume y2 ∈ interior(y12). Then we have a quadrilateral
Q = (x1, y1, y2, y′2). We shall show such a quadrilateral does not exist. We only give the proof for R =
(2, 4, 6). The other cases can be handled similarly. Recall (y′1, x1, y1) has an even angle at y′1. Proposition
5.2 implies thatm(x1)=m(y1) and  y1(x1, y′1)=  x1(y1, y′1)= /4 or /6. The quadrilateral Q has even
angles at y1 and y′2. Notice  x1(y1, y′2)−  x1(y1, y′1) and  y1(x1, y2)2  y1(x1, y′1)= 2  x1(y1, y′1).
If  x1(y1, y′1)= /6, then  x1(y1, y′2)= 5/6 and Proposition 5.3 implies n(Q)4, which is impossible
because there are at least ﬁve chambers inS(Q) incident to x1. If  x1(y1, y′1)=/4, then  x1(y1, y′2)=3/4
and Proposition 5.3 implies n(Q)3. It follows that S(Q) is the union of the three chambers in S(Q)
incident to x1. But such a union has only one even angle, contradiction. 
Proposition 8.4. Suppose R = (2, 3, 8) is a right triangle. Let 12, 12 ⊂ (1) (1, 2, 1, 2 ∈ ) be
geodesics that are disjoint and are at different sides. Then R = (2, 4, 6) or (2, 4, 8) and there must be a
conﬁguration isomorphic to the one in Fig. 4. In particular, 12 and 12 are of different types.
Proof. The proof is similar to that of Proposition 6.9. Lemma 6.6 implies there are vertices xi ∈ 12,
yi ∈ 12 such that xii ∩12, yii ∩12 are rays and xii ∩12={xi}, yii ∩12={yi}. By Lemmas
8.1–8.3, R = (2, 4, 6) or (2, 4, 8), and there is a conﬁguration isomorphic to the one in Fig. 4 if any one
of the following occurs: Propositions 6.7(2), 6.8(1), (2). So we can assume only Propositions 6.7(1) and
6.8(3) can occur. Then the proof of Proposition 6.9 shows that there is a quadrilateral Q with one side xy
such that the angles at x and y are even and xy contains two vertices in the interior. Corollary 5.5 implies
R = (2, 3, 8), contradicting our assumption. 
Let us make some observations about the conﬁguration in Fig. 4. Notice  v(1, y′1)=  v(2, y′1)=/2
and  y′1(1, v) =  y′1(2, v) = 3/4. It follows that vy′1 is the shortest geodesic between 12 and 12.
Consider the quadrilateral Q = (xl, x′l , x′l+1, xl+1). Notice Q is uniquely determined by 12 and the
segment vy′1: the geodesic segment in Link(, y′1) from the initial direction of y′1v to the initial direction
of y′11 consists of three edges, and these three edges determine three chambers incident to y′1; similarly
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the geodesic segment in Link(, y′1) from the initial direction of y′1v to the initial direction of y′12
determine three chambers; the union of these six chambers is a disk whose boundary isQ. We denote this
Q byQ(12, 12).
8.3. Geodesics in the same apartment
The eventual goal of this subsection is to show
Proposition 8.5. Let 1, 2 be two Fuchsian buildings, and h : 1 → 2 a homeomorphism that
preserves the combinatorial cross ratio almost everywhere. Let A be an apartment in 1 and v ∈ A a
vertex. If both R1 and R2 are right triangles different from (2, 3, 8), then the geodesics in D′A,v intersect
in a unique vertex of 2.
One ﬁrst has to show that any two geodesics in D′A,v have nonempty intersection (Proposition 8.13).
Lemma 8.6. Suppose R = (2, 3, 8) is a right triangle. Let c, c1, c2 ⊂ (1) be complete geodesics such
that any two of them are at different sides. If c1 and c2 have the same type and c∩ c1=∅, then c∩ c2=∅.
Proof. Assume c∩c2 = ∅. Since c∩c1=∅, Proposition 8.4 impliesR= (2, 4, 6) or (2, 4, 8) and there is
a conﬁguration as shown in Fig. 4, where either c1=12, c=12 or c=12, c1=12. Proposition 8.4
also implies c1∩c2 = ∅ because c1 and c2 have the same type and are at different sides. Let p=c2∩12,
q = c2 ∩ 12. Then pq ⊂ c2 ⊂ (1). We will showp ∈ vl+1 is impossible. Since the conﬁguration is
symmetric about vy′1, p ∈ vl is also impossible, and we have a contradiction. We shall only write down
the proof for R = (2, 4, 6), the case R = (2, 4, 8) can be similarly handled.
First assume p ∈ interior(y2l+1). Then q ∈ interior(xl+11) is impossible, since otherwise pxl+1 =
py2∪y2xl+1 and (p, xl+1, q)has an angle  xl+1(p, q)=− xl+1(y2, y′1)=5/6,which is impossible.Note
q= xl+1 cannot occur since otherwise c2 ∩ 12 contains a nontrivial segment py2. Note  y′1(y2, xl)= .
If q ∈ y′12, then y2q=y2y′1∪y′1q and (p, y2, q) has an angle  y2(p, q)  y2(p, xl+1)− y2(xl+1, y′1)=
− /6= 5/6, a contradiction.
Now assume p = y2. The angle  xl+1(y2, 1) = 5/6 implies q /∈ interior(xl+11). Note that if two
intersecting geodesics are at different sides, then none of the four angles they make can be . It follows
that q = xl+1, y′1 since  y2(xl+1, l+1)=  y′1(y2, 2)= . The fact y′1 ∈ y22 implies q /∈ interior(y′12)
since c2 ∩ 12 is a single point.
Finally we assume p = v. Note m(v)= 2 and m(y′1)= 4. If q = y′1, then (v, y′1, q) is a triangle with
v(y
′
1, q) = /2 and  y′1(v, q) = 3/4, which is impossible. Hence q = y′1. It follows that the type of
c2 ⊃ vy′1 is different from the types of 12 and 12, contradicting the assumption. 
Lemma 8.7. Let be a Fuchsian building with chamberR = (2, 3, 8), v0 ∈  a vertex and 1, 2, 1, 2,
3 ∈ . Suppose the following conditions are satisﬁed:
(1) 12 ⊂ (1);
(2) ij = v0i ∪ v0j ⊂ (1) for all 1i, j3, i = j ;
(3) 12 and ij are at different sides for all 1i, j3, i = j .
Then v0 ∈ 12.
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Proof. First assume 12 ∩ ij = ∅ for some i = j , say, 12 ∩ 12 = ∅. Lemma 6.12 implies
12 ∩ 12 is some vertex v′ ∈ . If v′ = v0, then we are done. Suppose v′ = v0. We may assume
v′ ∈ interior(v01). Since 1i = v01 ∪ v0i for i = 2, 3, Lemma 6.12 also implies 12 ∩ v0i = ∅
for i = 2, 3. It follows that 12 ∩ 23 = ∅. Now 12 and 23 are disjoint and are at different sides,
andv′i ∩ 23 = v0i (i = 2, 3) with v′ ∈ 12, contradicting Proposition 6.7.
Now we assume 12 ∩ ij = ∅ for all i = j . Proposition 8.4 applied to 12 and 12 shows that
R = (2, 4, 6) or (2, 4, 8), and there is a conﬁguration isomorphic to the one in Fig. 4. Consider the
perpendicular xy (x ∈ 12, y ∈ 12) between 12 and 12. We claim v0 = x. Suppose v0 = x, say
v0 ∈ interior(x2). Since 1i = v01 ∪ v0i for i = 2, 3 and  is CAT(−1), d(z, 12)> d(x, y) holds
for all z ∈ v0i , i = 2, 3. It follows that d(23, 12)> d(x, y). Here we have a contradiction since
Proposition 8.4 applied to 12 and 23shows that d(23, 12)= d(x, y). Hence v0 = x. Notice xy is
the perpendicular between 12 and ij for all i = j . By Proposition 8.4 m(v0) = 2 or 4. We consider
these two cases separately.
First assume m(v0) = 2. Then m(y) = 4. Consider the quadrilaterals Q(12, ij ), i = j . By the
observation made after Proposition 8.4,Q(12, ij ) is uniquely determined by 12 and yx. It follows
that Q(12, 12) = Q(12, 13), which is not true since Q(12, 13) contains an edge from v03
whileQ(12, 12) does not.
Now assume m(v0) = 4. Then m(y) = 2. Let y1, y2 ∈ 12 be the two vertices on 12 adjacent
to y, and , i ∈ Link(, v0) (i = 1, 2) the initial directions of v0y, v0yi respectively. Also let j ∈
Link(, v0) be the initial direction of v0j . Proposition 8.4 implies that for each j, 1j3, the segment
j ⊂ Link(, v0) consists of three edges and the initial edge is 1 or 2. Hence there is a map
f : {1, 2, 3} → {1, 2}, where f (j ) is the initial edge of the segment j . Proposition 8.4 also
implies that f is injective, which is clearly not true since {1, 2} contains only two elements while
{1, 2, 3}contains three elements. 
Lemma 8.8. Suppose R1, R2 = (2, 3, 8) are right triangles. Let 12, 12 ⊂ (1)1 (1, 2, 1, 2 ∈ 1)
be two geodesics locally contained in an apartment. Let v=12∩12. Ifm(v)=2, then ′1′2∩′1′2 = ∅.
Proof. Pick an edge e = vv′ such that v′i = v′v ∪ vi (i = 1, 2). We extend the edge vv′ to obtain a
ray v3, where 3 ∈ 1. By construction, ij = vi ∪ vj ⊂ (1)1 . It follows that ′i′j ⊂ (1)2 .Since
R2 = (2, 3, 8), Lemma 7.6 implies there is a vertex w ∈ 2 such that ′i′j = w′i ∪ w′j . On the other
hand, sincem(v)=2, 12 and ij make a right angle and are locally contained in an apartment. Lemma
6.2 implies that 12 and ij are at different sides. Hence ′1′2 and ′i′j are also at different sides. Now
Lemma 8.7 implies w ∈ ′1′2. Consequently, w ∈ ′1′2 ∩ ′1′2. 
Lemma 8.9. Suppose R1 and R2 are right triangles. Let 12, 12 ⊂ (1)1 be two geodesics that have
nonempty intersection. If at least one of the angles that 12 and 12 make is even, then ′1′2 and ′1′2
have the same type.
Proof. Let v ∈ 12 ∩ 12 be a vertex. We may assume  v(1, 1) is even. Since Link(1, v) is a thick
spherical building, Proposition 2.4 implies there is an edge e incident to v such that e makes an angle 
with both v1 and v1.We extend e to obtain a geodesic ray v. Then1=v∪v1 and1=v∪v1.
Consider the geodesics ′1′2,′1′2, ′′1 and ′′1 in 2. We note if two geodesics in 2 intersect in a ray,
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then they have the same type. Now ′1′2∩′′1, ′′1∩′′1, ′′1∩′1′2 are all rays. So the four geodesics
have the same type. In particular, ′1′2 and ′1′2 have the same type. 
Corollary 8.10. Suppose R1, R2 are right triangles. Let 12, 12, 12 ⊂ (1)1 be three geodesics such
that any two of ′1′2, ′1′2, ′1′2 have nonempty intersection. If 12, 12, 12 pairwise have different
types, then ′1′2 ∩ ′1′2 ∩ ′1′2 = ∅.
Proof. Note that there are at most two types of geodesics through a ﬁxed vertex. Suppose ′1′2 ∩ ′1′2 ∩
′1′2contains a vertex w. Then two of ′1′2, ′1′2, ′1′2, say, ′1′2 and ′1′2 have the same type. It follows
that at least one of the angles that ′1′2 and ′1′2 make is even. Lemma 8.9 then implies 12 and 12
have the same type, contradicting the assumption. 
Lemma 8.11. Let  be a Fuchsian building with R = (2, 4, 6) or (2, 4, 8). Suppose 12, 12 ⊂ (1)
(1, 2, 1, 2 ∈ ) are disjoint and are at different sides.Assume 12 contains vertices v withm(v)=2.
Let pq (p ∈ 12, q ∈ 12) be the perpendicular between 12 and 12. If 34 ⊂ (1) (3, 4 ∈ ) is
a geodesic such that 34 ∩ 12 = ∅, 34 ∩ 12=∅, and that 34 and 12 are at different sides, then
q ∈ 34 and pq is also the perpendicular between 12and 34.
Proof. We shall only write down the proof forR= (2, 4, 8), the case forR= (2, 4, 6) is similar. Suppose
q /∈ 34. We may assume 34 ∩ 12 = xy ⊂ interior(q2) with x ∈ interior(q2) and y ∈ x2 ∪ {2}.
Let p′q ′ (p′ ∈ 12, q ′ ∈ 34) be the perpendicular between 12 and 34. By Proposition 8.4 and
our assumption, m(p)=m(p′)= 2 and  q ′(p′, j )= 3/4 (j = 3, 4). Note  y2(1, q)=  x2(y1, 2)=
7/8. If p′ ∈ interior(y21), then Q = (q ′, p′, y2, x)has angle sum 3/4 + /2 + 7/8 + /8> 2,
impossible. If p′ = p, then q ′q = q ′p′ ∪ pq since m(p) = 2; hence T = (q ′, q, x) has angle sum
3/4+ 3/4+ /8> , again impossible. Now assume p′ ∈ interior(y12). If x ∈ interior(x22), then
(q ′, p′, x2, x) has angle sum 3/4 + /2 + 7/8 + /8> 2, impossible. If x = x2, then (q ′, p′, x2)
has angle sum 3/4 + /2 + /8> , also impossible. Hence q ∈ 34. Proposition 8.4 implies
d(12, 34) = d(12, 12) = d(p, q). So pq realizes the distance between 12 and 34. Since  is
CAT(−1), pq must be the unique perpendicular between12 and 34. 
Lemma 8.12. Let  be a Fuchsian building with R = (2, 4, 6) or (2, 4, 8). Suppose 12, 12 ⊂ (1)
(1, 2, 1, 2 ∈ ) are disjoint and are at different sides.Assume 12 contains verticeswwithm(w)=2.
Let pq (p ∈ 12, q ∈ 12) be the perpendicular between 12 and 12, and p1, p2 ∈ 12 the two
vertices on 12 adjacent to p. If 34 ⊂ (1) (3, 4 ∈ ) is a geodesic such that 34 ∩ 12 = v is
a vertex, 34 ∩ 12 = ∅, and 34 and 12are at different sides, then v = p1 or p2. Furthermore, if
p′q ′ (p′ ∈ 34, q ′ ∈ 12) is the perpendicular between 34 and 12, then q ′ = q and (v, q, p′) is the
boundary of a chamber.
Proof. An argument similar to the proof of Lemma 8.11 shows that q ′ = q and v = p1 or p2. Let
Q = (p, q, p′, v). Q has right angles at p and p′ and even angles at q and v:  q(p, p′) is even because
m(q)=4 and  q(p, 1)=  q(p′, 1)=3/4; the angle at v is even since the assumptions and Proposition
8.4 imply that 12 and 34 have the same type. It follows that the angle sum 7/4 or 11/6 depending
on whether R = (2, 4, 8) or R = (2, 4, 6). Proposition 5.3 then impliesn(Q)2. Since Q has an even
angle at q, we conclude that n(Q)= 2 and (v, q, p′) is the boundary of a chamber. 


















Proposition 8.13. Suppose R1, R2 = (2, 3, 8) are right triangles. Let A ⊂ 1 be an apartment and
12, 12 ⊂ A two intersecting geodesics contained in the 1-skeleton of A. Then ′1′2 ∩ ′1′2 = ∅.
Proof. Denote v= 12 ∩ 12. The proposition follows from Lemma 8.8 ifm(v)= 2. From now on we
assume m(v)= 4, 6 or 8. Suppose ′1′2 ∩ ′1′2 = ∅. Proposition 8.4 implies ′1′2 and ′1′2 have different
types. By Lemma 8.9,  v(1, 1) is an odd angle.Wemay assume ′1′2contains vertices v′ withm(v′)=2,
and ′1′2 does not. Let 34, 34 ⊂ A(1) be geodesics through v such that  v(1, 3) and  v(1, 3) are
nonzero even angles. Lemma 8.9 implies ′1′2 and ′3′4 are of one type, while ′1′2 and ′3′4 are of another
type. Since we have assumed ′1′2 ∩ ′1′2 =∅, Lemma 8.6 implies ′3′4 ∩ ′1′2 =∅, ′3′4 ∩ ′3′4 =∅ and
′1′2 ∩ ′3′4 = ∅.
Let pq (p ∈ ′1′2, q ∈ ′1′2) be the perpendicular between ′1′2 and ′1′2. Notem(p)=2,m(q)=4. Now
Lemma 8.11 applied to ′1′2 and ′1′2, ′3′4 implies q ∈ ′3′4. Letpi ∈ p′i (i=1, 2) be the vertex adjacent
to p. Denote by , i , j ∈ Link(2, q) (i = 1, 2, j = 1, 2, 3, 4) the initial directions of qp, qpi and q′j ,
respectively. Proposition 8.4 implies the map f : {1, 2, 3, 4} → {1, 2}, where f (j ) is the initial
edge of j ⊂ Link(2, q), is well-deﬁned and satisﬁes the property: f (1) = f (2), f (3) = f (4).
We may assume f (1) = f (3) = 1 and f (2) = f (4) = 2. Then 1 ⊂ 1 ∩ 3. The fact that
′1′2 and ′3′4 are at different sides implies that 0<  q(′i , ′j )<  for 1i2, 3j4. Since m(q)= 4
and j has combinatorial length 3, we conclude that 1 ∩ 3 has combinatorial length 2. Similarly,
2 ∩ 4 also has combinatorial length 2. Let z1, z2 be as shown in Fig. 5 (recall the conﬁguration in
Fig. 4), and i ∈ Link(2, q) be the initial direction of qzi . Then we have proved 1 ∩ 3 = 1,
2 ∩ 4 = 2. It follows that 13 = 11 ∪ 13 and 24 = 22 ∪ 24.
Now Lemma 8.12 applied to ′1′2 and ′1′2,′3′4 implies that pi ∈ ′3′4 for i = 1 or 2. We may assume
p1 ∈ ′3′4. Let p′q ′ (p′ ∈ ′3′4,q ′ ∈ ′1′2) be the perpendicular between ′3′4 and ′1′2. Then q ′ = q and
T =(p1, q, p′) is the boundary of a chamber. Since ′1′2,′3′4 are at different sides and  p1(′1, z1)=,we
have p′ = z1. Let ′ ∈ Link(2, q) be the initial direction of qp′. Then ′j = ′1 ∪ 1j for j = 1, 3.
Let p′2 ∈ ′3′4, p′2 = p1 be the vertex that is adjacent to p′ but different from p1,and ′2 ∈ Link(2, q)
the initial direction of qp′2. Now the edge path 2 ∪ 1 ∪ 1′ ∪ ′2 is a geodesic loop with length 2
in the generalized polygon Link(2, q). It follows that this loop is injective. In particular,if′2 denotes
the only vertex in the interior of 2′2, then ′2 = 2. Now the argument in the second paragraph applied
to ′3′4 and ′1′2, ′3′4 implies that 24 = 2′2 ∪ ′24. Consequently, there are two different geodesic
segments with length /2 from 2 to 4: 22 ∪ 24 and 2′2 ∪ ′24. This contradicts the fact that
Link(2, q) is a CAT(1) space. 




















For any c ∈ DA,v we denote its image in D′A,v by c′.
Lemma 8.14. Proposition 8.5 holds for those v with m(v) = 4.
Proof. Note there are m(v) geodesics in D′A,v . By Proposition 8.13 any two geodesics in D′A,v have
nonempty intersection, in particular, Proposition 8.5 holds for those v withm(v)=2. Supposem(v)=6 or
8. Lemma 8.9 implies that if 12, 12 ∈ DA,v make even angles, then ′1′2, ′1′2 also make even angles.
Fix three geodesics c1, c2, c3 ∈ DA,v that pairwise make nonzero even angles. Since R2 = (2, 3, 8),
Proposition 5.2 implies c′1, c′2, c′3 intersect in a unique vertex w ∈ 2. Suppose there is a geodesic
c ∈ DA,v such that w /∈ c′.Let xi = c′i ∩ c′ (i = 1, 2, 3). We may assume x2 lies between x1 and x3.
Consider the triangle (w, x1, x3) : x2 ∈ interior(x1x3) and both  w(x1, x2) and  w(x2, x3) are even.
Proposition 5.2 implies R2 = (2, 3, 8), contradicting our assumption. 
Lemma 8.15. Proposition 8.5 holds for those v with m(v)= 4.
Proof. Let c1, c2 ∈ DA,v be the two geodesics that contain vertices v′ withm(v′)=2, and c3, c4 the other
two geodesics in DA,v , see Fig. 6. Let x, y ∈ c1 be the two vertices on c1 adjacent to v, and p, q ∈ c2
the two vertices on c2 adjacent to v, as shown in Fig. 6. Let 12, 12 ⊂ A(1) be the two geodesics in A
perpendicular to c1 and passing through x, y, respectively, and 34, 34 ⊂ A(1) the two geodesics in A
perpendicular to c2 and passing through p and q, respectively. Let w = c′1 ∩ c′2. Suppose w /∈ c′3. Denote
wi = c′3 ∩ c′i for i = 1, 2, 4, and w′2 = c′2 ∩ c′4. Sincec1, c2 make even angles, Lemma 8.9 implies that c′1,
c′2 make even angles at w. Proposition 5.2 applied to (w,w1, w2) shows that w1w2 contains exactly one
vertex w0 in the interior, and m(w0)= 2 or 4. Now we observe w4 ∈ {w0, w1, w2}. Suppose otherwise,
say, w1 ∈ interior(w2w4) holds. Then (w′2, w4, w2) has an even angle at w4 and one side w2w4 contains
two vertices w0 and w1 in the interior, contradicting Proposition 5.2.
We ﬁrst consider the case w4 ∈ {w1, w2}, say, w4 = w1. The triangle (w′2, w1, w2) has an even




2) = /3 or /4. The three geodesics c1, c3 and 12 have different types, and any two of
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them have nonempty intersection. Corollary 8.10 implies w1 /∈ ′1′2. For the same reason, w1 /∈ ′1′2. Let
zi=c′i∩′1′2 for i=3, 4.Then (w1, z3, z4) has an even angle atw1. Sincem(w1)=6 or 8,  w1(z3, z4)=/3
or /4. It follows that either {w2, w′2} = {z3, z4} or {w2, w′2} ∩ {z3, z4} = ∅. If {w2, w′2} = {z3, z4}, then
′1 is connected to an endpoint of c′2 by a geodesic contained in 
(1)
2 . It follows that 1 is connected to an
endpoint of c2 by a geodesic contained in (1)1 , which is not true. Hence {w2, w′2}∩{z3, z4}=∅. Replacing
′1′2 with ′1′2 in the above argument, one sees ′1′2 contains z3 and z4. Then ′1 is connected to ′1 or′2
by a geodesic in (1)2 . It follows that 1 is connected to 1 or 2 by a geodesic in 
(1)
1 , which is not true.
The contradiction shows w4 = w1. Similarly w4 = w2. Hence w4 = w0. The triangle (w0, w2, w′2)
has an even angle at w0. It follows that m(w0) = 2 and hence m(w0) = 4. Proposition 5.2 applied to
(w0, w2, w′2) implies that  w2(w0, w′2) = /6 or /8. Finally, we apply Proposition 5.2 to (w,w1, w2)
and conclude that w = w′2.
Suppose w0 /∈ ′1′2. Then the three geodesics c′3, c′4 and ′1′2 form a triangle with an even angle at
w0. It follows that either w1 ∈ ′1′2 or w2 ∈ ′1′2. On the other hand, the preceding paragraph shows
w1 /∈ ′1′2. Hence w2 ∈ ′1′2. Let w5 = ′1′2 ∩ c′4. Note w5 = w, otherwise ′2 is connected to one of
the endpoints of c′2 by a geodesic contained in 
(1)
2 , which is not true. Let z= c3 ∩ 12. Then m(z)= 6
or 8 and z ∈ 34.Since w2 = c′3 ∩ ′1′2, Lemma 8.14 implies that w2 ∈ ′3′4. Let w6 = c′4 ∩ ′3′4.
Notice w6 ∈ ww5. Suppose otherwise, say w5 ∈ interior(ww6) holds, then (w2, w5, w6) has an angle

w5(w2, w6)= 5/6 or 7/8, which is impossible. There are three vertices on ww5: w, w0, w5. Assume
w6 = w. Then ′3′4 ∩ c′2 is a nontrivial interval, which implies ′3 is connected to an endpoint of c′2 by a
geodesic contained in (1)2 . It follows that 3 is connected to an endpoint of c2 by a geodesic contained
in (1)1 , which is not true. Similarly w6 = w0, w5.The contradiction shows that w0 ∈ ′1′2. Similarly
w0 ∈ ′1′2.
Since c3 and 12 have different types, Lemma 8.9 implies c′3 and ′1′2 have different types. Similarly
c′3 and ′1′2 have different types. So ′1′2 and ′1′2 have the same type. ′1′2 and ′1′2 make four angles at
w0:  w0(′1, ′1),  w0(′1, ′2),  w0(′2, ′1),  w0(′2, ′2). If any one of these angles is 0 or , then some ′i
is connected to some ′j by a geodesic contained in 
(1)
2 . It follows that i is connected to some j by a
geodesic contained in (1)1 , which is not true. Recall m(w0)= 4. It follows that the four angles that ′1′2
and ′1′2 make at w0 are all /2. Hence ′1′2 and ′1′2 are locally contained in an apartment and Lemma
6.4 implies ′1′2 and ′1′2 are at different sides. Consequently, 12 and 12 are at different sides, which
is not true. The contradiction shows w ∈ c′3. Similarly w ∈ c′4. 
8.4. Geodesics through a ﬁxed vertex
Proposition 8.16. Let 1, 2 be two Fuchsian buildings, and h : 1 → 2 a homeomorphism that
preserves the combinatorial cross ratio almost everywhere. Let v ∈ 1 be a vertex. If both R1 and
R2 are right triangles different from (2, 3, 8), then the geodesics in D′v intersect in a unique vertex
of 2.
Proof. Proposition 8.5 implies that for any vertex v ∈ 1 and any apartmentA containing v, the geodesics
inD′A,v intersect in a unique vertex vA ∈ 2. By Lemma 7.3, we only need to show that vA1=vA2 holds for
any two apartments A1, A2 ⊂ 1 containing a vertex v with Link(A1, v)∩ Link(A2, v) a half apartment
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in Link(1, v). Let Bi = Link(Ai, v)(i = 1, 2), and 1, 2 the two endpoints of B1 ∩ B2. Denote by m
the midpoint of B1 ∩ B2, and mi ∈ Bi the point in Bi opposite to m. Since m(v) is even, m,m1 and m2
are all vertices in Link(1, v). Let 1, 3 ∈ A1 and 2, 4 ∈ A2 such that v1, v2 have initial direction
1 and v3, v4 have initial direction2. Similarly let 1, 3 ∈ A1 and 2, 4 ∈ A2 such that v3, v4
have initial direction m, and vi (i = 1, 2) has initial directionmi . Then we have ij = vi ∪ vj ⊂ (1)1
if i = j , {i, j} = {3, 4}.
Now consider the three geodesics ′1′2, ′1′3, ′3′2 ⊂ (1)2 . Since R2 = (2, 3, 8), Lemma 7.6 im-
plies there is some vertex w ∈ 2 such that ′1′2 = w′1 ∪ w′2, ′1′3 = w′1 ∪ w′3 and ′3′2 = w′3 ∪
w′2. Notice that ij (1i = j3) and 13 make a right angle and are locally contained in an
apartment. Lemma 6.4 implies ijand 13 are at different sides. It follows that ′i′j and ′1′3 are
also at different sides. Now Lemma 8.7 implies w ∈ ′1′3. Similarly w ∈ ′2′4. Note vA1 = ′1′3 ∩
′1′3 = w.
Now apply the above argument to 1, 2, 4, instead of 1, 2, 3, we see there is a vertexw′ ∈ 2 such
that ′1′2=w′′1 ∪w′′2, ′1′4=w′′1 ∪w′′4 and ′4′2=w′′4 ∪w′′2, and both ′1′3 and ′2′4 contain w′.
In particular, w′ = ′1′3 ∩ ′1′2 = w. Therefore vA2 = ′2′4 ∩ ′2′4 = w′ = w = vA1 . 
Proposition 8.17. Let 1, 2 be two Fuchsian buildings, and h : 1 → 2 a homeomorphism that
preserves the combinatorial cross ratio almost everywhere. If one of R1, R2 is (2, 3, 8), then so is the
other.
Proof. The proof is similar to that of Proposition 7.13. Suppose R1 = (2, 3, 8) and R2 = (2, 3, 8).
Proposition 7.13 implies that R2 is also a right triangle. Let A be an apartment of 1. Let G be the set
of geodesics contained in A(1) that do not contain any vertex v with m(v) = 3. Let c1, c2 ∈ G with
c1∩c2 = ∅. Then c1 and c2 are at different sides and make even angles at c1∩c2. Lemma 8.9 implies that
their images c′1, c′2 in 2 have the same type. Note c′1, c′2 are also at different sides. Since R2 = (2, 3, 8),
Proposition 8.4 implies c′1 ∩ c′2 = ∅.It follows that c′1, c′2 make even angles at c′1 ∩ c′2.
The geodesics inG divideA into triangles,which shall be called “chambers”. LetD be such a “chamber”,
and c1, c2, c3 ∈ G the three geodesic containing the three sides of D. Since R2 = (2, 3, 8), Proposition
5.2 implies the images c′i ⊂ 2 (i = 1, 2, 3) have a common vertex, which we shall denote by wD .
Similarly, for a vertex v ∈ A with m(v) = 8 and ci (i = 1, 2, 3, 4) the 4 geodesics in G through v,
Proposition 5.2 implies the images c′i ⊂ 2 (i = 1, 2, 3, 4) have a common vertex, which is denoted
by wv .
Now let D1, D2 be two adjacent “chambers” in A. Then there is a vertex v ∈ A and 5 geodesics ci ,
1i5 such that c1, c2, c3 pass through v, c1, c2, c4 contain the sides of D1, and c2, c3, c5 contain the
sides of D2. The above paragraph shows wD =wv =wD′ . Notice A is gallery connected: given any two
“chamber”s D, D′, there is a ﬁnite sequence D0 =D,D1, . . . , Dk =D′ such that Di and Di+1 share a
side. It follows that there is a vertex w ∈ 2 such that the images of the geodesics in G all contain w. We
get a contradiction as in the proof of Proposition 7.13. 
9. The exceptional case (2, 3, 8)
In this section we prove Theorem 1.5 when both R1 and R2 are (2, 3, 8). As usual Proposition 5.2 is
used in the manner as indicated in Remark 7.7.
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9.1. Buildings with chamber (2, 3, 8)
Let  be a Fuchsian building with chamber (2, 3, 8). The vertex links of  are generalized polygons.
By Section 2.2 there are two integers p, q2, p = q such that the following holds: an edge e is contained
in exactly p + 1 chambers if e is incident to a vertex v with m(v)= 3, and is contained in exactly q + 1
chambers otherwise. There are only two types of complete geodesics in :
(1) Type I: geodesics that do not contain any vertex v with m(v)= 3;
(2) Type II: geodesics that contain vertices v with m(v)= 3.
We shall use the following terminologies. We say an edge is numbered by i (i = p or q) if it is contained
in exactly i + 1 chambers. All edges in Type I geodesics are numbered by q, and all edges in Type II
geodesics are numbered by p. We say a vertex v ∈  has index i (i = 2, 3 or 8) ifm(v)= i; we also say v
is indexed by i. If we record the indexes of vertices on a Type II geodesic in linear order, then they are:
. . . , 8, 3, 2, 3, . . ., with period 4. We say the vertices on a Type II geodesic are periodically indexed by
8, 3, 2, 3. Similarly if we record the indexes of vertices on a Type I geodesic in linear order, then they
are: . . . , 8, 2 . . ., with period 2.We say the vertices on a Type I geodesic are periodically indexed by 8, 2.
The following lemma follows directly from Proposition 5.2.
Lemma 9.1. Let T ⊂ (1) be a triangle homeomorphic to a circle such that all the sides of T are
contained in Type II geodesics. Then S(T ) is the union of two chambers as shown in Fig. 3(f).
Recall the chamber (2, 3, 8) has area A0 = /24.
Lemma9.2. There is no quadrilateralQ ⊂ (1)with the following properties: all sides ofQare contained
in Type II geodesics, and there is some side xy of Q such that the angles at x and y are 2/3.
Proof. Suppose there is such a quadrilateral. Notice each angle of Q is /4. Proposition 5.3 implies
that n(Q)4. But there are at least two chambers in S(Q) incident to each of x and y. It follows that S(Q)
is the union of these 4 chambers. But the boundary of this union is not a quadrilateral, contradiction. 
Lemma 9.3. LetQ= (x, y, z, w) ⊂ (1) be a quadrilateral homeomorphic to a circle with the following
properties: all sides of Q are contained in Type II geodesics, the angles at x and y are even and at least
two vertices in the interior of xy are not indexed by 2. Then m(v) = 8 for every vertex v ∈ interior(xy)
and there is a vertex v′ ∈ zw with m(v′)= 8.
Proof. Ifm(x)=2, thenQ is actually a triangle, contradicting Lemma 9.1. Hencem(x) = 2, and similarly
m(y) = 2. Lemma 9.2 implies that at least one of m(x), m(y) is = 3.
First assume exactly one ofm(x),m(y) is 3, say,m(x)= 3. Since the angle at x is even and each angle
is at least /4, Proposition 5.3 implies n(Q)14. Recall the vertices in a Type II geodesic are periodically
indexed by 8, 3, 2, 3. Since m(x)= 3, m(y)= 8 and at least two vertices in interior(xy) are not indexed
by 2, there are vertices v1, v2, v3, v4 ∈ interior(xy) such that x, v1, v2, v3, v4, y are in linear order and
m(v1)=8,m(v2)=3,m(v3)=2,m(v4)=3. Recall the angles at x and y are even.We count the chambers
in S(Q): there are at least two chambers incident to x, seven incident to v1 but not x, two incident to v2
but not v1, one incident to v3 but not v2, two incident to v4 but not v3, and one incident to y but not v4,
for a total of 15. This contradicts the above conclusion that n(Q)14.
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Now assume m(x) = m(y) = 8. Suppose there is a vertex v ∈ interior(xy) with m(v) = 8. Let
x1 ∈ xy be the vertex on xy closest to x with m(x1) = 2, and y1 ∈ xy the vertex on xy closest to y with
m(y1)= 2. Let C1, C2 be chambers in S(Q) incident to x1, y1, respectively, and v3, v4 their vertices with
m(v3) = m(v4) = 8, respectively. Note none of v3, v4 lies on the sides of Q incident to x or y because

x(v3, y),  y(v4, x)= /8 and the angles of Q at x and y are even. It follows that {v3, v4} ∩ {z,w} = ∅.
Hence there are at least eight chambers of S(Q) incident to each of v3, v4, v. There are also at least two
chambers incident to each of x and y. Therefore, there are at least 28 chambers in S(Q). On the other
hand, since each angle of Q is at least /4, Proposition 5.3 implies n(Q)24, a contradiction. Hence
m(v) = 8 for all vertices v ∈ interior(xy).
Since m(v) = 8 for all vertices v ∈ interior(xy), there is exactly one vertex v0 ∈ xy with m(v0)= 2.
Let C be a chamber in S(Q) incident to v0, and v′ the vertex of C with m(v′) = 8. If v′ ∈ Q, then the
above argument shows v′ ∈ interior(zw) and the lemma holds. So we assume v′ lies in the interior of
S(Q). Then there are at least 16 chambers in S(Q) incident to v′. There are also (at least) two chambers
incident to each of x, y. Hence there are at least 20 chambers in S(Q). Suppose there is no vertex v′ ∈ zw
with m(v′)= 8. Then the angles at z and w are /3. Since the angles at x and y are /4, Proposition
5.3 implies n(Q)20. So S(Q) must be the union of the 20 chambers exhibited above. However, the
boundary of this union is not a quadrilateral, contradiction. 
Lemma 9.4. Let 12, 12 ⊂ (1) (1, 2, 1, 2 ∈ ) be two geodesics that are locally contained in
an apartment. If 12, 12 have the same type and make a right angle, then they are at different sides.
Proof. Let x0 = 12 ∩ 12. The assumption impliesm(x0)= 8. If there is some x ∈ 12, x = x0 such
that x1 ∩ 12= x′1 (x′ ∈ 12) is a ray and x1 ∩ 12={x}, then (x′, x0, x) ⊂ (1) has an even angle
at x′ and a right angle at x0. Proposition 5.2 implies thatm(x0)= 2, contradicting the above observation.
Hence x1 ∩ 12 =∅ for any x ∈ 12, x = x0. Similarly, x2 ∩ 12 =∅ for any x ∈ 12, x = x0 and
yi ∩ 12 = ∅ (i = 1, 2) for any y ∈ 12, y = x0. Then one argues as in Lemma 6.3 that 12, 12 are
at different sides. 
9.2. Two geodesics at different sides
Let  be a Fuchsian building with chamber (2, 3, 8). There are two integers p, q2, p = q such that
all the edges in Type I geodesics are numbered by q, and all the edges in Type II geodesics are numbered
by p. The goal of this subsection is to show the following:
Proposition 9.5. Let  be a Fuchsian building with chamber (2, 3, 8). If two disjoint geodesics c1, c2 ⊂
(1) are at different sides, then they have different types.
The proof of Proposition 9.5 is divided into two propositions (Propositions 9.6 and 9.12).
Proposition 9.6. Let be aFuchsian buildingwith chamber (2, 3, 8). If twoType I geodesics 12, 12 ⊂
(1) are at different sides, then 12 ∩ 12 = ∅.
Recall the vertices on a Type I geodesic are periodically indexed by 8, 2.
Lemma 9.7. Let 12, 12 be two disjoint Type I geodesics. If they are at different sides, then there are
no vertices y′ ∈ 12, y ∈ 12 such that  y′(y, 1)=  y′(y, 2)= .
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Proof. Suppose there are vertices y′ ∈ 12, y ∈ 12 such that  y′(y, 1) =  y′(y, 2) = . The
assumption and Lemma 6.6 implies that there exists xi ∈ 12 (i = 1, 2) such that xii ∩ 12 = x′ii
(x′i ∈ 12) is a ray. We may assume xii ∩ 12 = {xi}. We claim  y(y′, i) = /4 for i = 1, 2. The
triangle inequality then implies  y(1, 2)/2, contradicting the fact that y ∈ 12. Next we prove the
claim.
The fact that 12, 12 are at different sides implies that  y(y′, i) <  for i = 1, 2. It follows that
x′i = y. The uniqueness of geodesics implies that x′i ∈ interior(yi). Notice xiy=xiy′∪y′y and (xi, y, x′i)
is a triangle. Since 12, 12 are Type I geodesics, all the angles of (xi, y, x′i) are even. Proposition 5.2
then implies  y(y′, i)=  y(y′, x′i)= /4. 
Lemma 9.8. Let 12, 12 be two disjoint Type I geodesics. Suppose 12, 12 are at different sides.
Let yi ∈ 12 (i = 1, 2) be a vertex such that yii ∩ 12 = y′ii is a ray and yii ∩ 12 = {yi}. Then
y1 = y2.
Proof. We suppose y1 = y2. Lemma 9.7 implies y′1 = y′2. The uniqueness of geodesic implies y′1 ∈
interior(y′21). The triangle (y′1, y′2, y1)has three even angles andProposition 5.2 implies  y1(y′1, y′2)=/4
and y1y′j is the unionof two edges. Let xi ∈ 12 be such that xii ∩ 12 = x′ii (i = 1, 2) is a ray and
xii ∩ 12 = {xi}.
First suppose xi /∈ y′1y′2 for i= 1 or 2. Then xi ∈ interior(y′jj ) for some j. The uniqueness of geodesic
implies x′i ∈ interior(y1i). Then (y1, xi, x′i) has three even angles and has a side y1xi = y1y′j ∪ y′j xi
consisting of at least three edges, contradicting Proposition 5.2.Hence xi ∈ y′1y′2 for i=1, 2.Note xii is of
Type I since it shares a ray with a Type I geodesic. It follows that xix′i makes even angles with 12. Hence
m(xi) = 2, otherwise  xi (1, x′i) =  xi (2, x′i) = , contradicting Lemma 9.7. On the other hand, y′1y′2
contains only one vertex v in the interior and it satisﬁesm(v)=2. Hence {x1, x2} ⊂ {y′1, y′2}.In particular,
there is some jwith x1=y′j . The uniqueness of geodesic implies x′1 ∈ y11. The equality x′1=y1 does not
hold since it would imply j and 1 are connected by a geodesic contained in the 1-skeleton, contradicting
the assumption that 12, 12 are at different sides. Now (x1, y1, x′1) has three even angles and so y1x′1
is the union of two edges and  y1(y′j , 1)= /4. Similarly, x2= y′l for some l= 1, 2, x′2 ∈ interior(y12)
and  y1(y′l , 2) = /4. If l = j , then triangle inequality implies  y1(1, 2)/2, contradiction the fact
that y1 ∈ 12. If l = j , then  y1(1, 2)  y1(y′j , 1) +  y1(y′1, y′2) +  y1(y′l , 2)3/4, again a
contradiction. 
The index i + 1 is taken mod 2 in the proofs of Lemma 9.9, Propositions 9.6 and 9.12.
Lemma 9.9. Let 12, 12 be two disjoint Type I geodesics. Suppose 12, 12 are at different sides.
Let yi ∈ 12 (i = 1, 2) be such that yii ∩ 12 = y′ii is a ray and yii ∩ 12 = {yi}. Then y′1 = y′2.
Proof. We suppose y′1 = y′2. The triangle (y′1, y1, y2) has three even angles, and hence each side is
the union of two edges and  yi (y′1, yi+1) = /4. Let x1 ∈ 12 be such that x11 ∩ 12 = x′11 is
a ray and x11 ∩ 12 = {x1}. First assume x1 ∈ interior(y′11). The uniqueness of geodesic shows
x′1 ∈ interior(y11). Then (x′1, y1, x1) has three even angles and its side x1y1 = x1y′1 ∪ y′1y1 contains
at least three edges, contradicting Proposition 5.2. Similarly x1 ∈ interior(y′12) cannot hold, and we
must have x1 = y′1. Uniqueness of geodesic implies x′1 /∈ interior(yi2) for i = 1, 2. The fact that 12,
12 are at different sides implies x′1 = y1, y2. There is some i = 1, 2 such that x′1 ∈ interior(yi1) and
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yi+1 /∈ yi1. Then (x1, x′1, yi)has three even angles and hence we have  yi (x′1, x1)= /4. It follows that
yi (1, 2)/2, contradicting the fact that yi ∈ 12. 
Lemmas 9.8, 9.9 and uniqueness of geodesic imply the following:
Corollary 9.10. Let 12, 12 be two disjoint Type I geodesics. Suppose 12, 12 are at different sides.
Let yi ∈ 12 (i = 1, 2) be such that yii ∩ 12= y′ii is a ray and yii ∩ 12= {yi}. Then y1 = y2 and
y′1 ∈ interior(y′21).
Lemma 9.11. Let 12, 12 be two disjoint Type I geodesics. Suppose 12, 12 are at different sides.
Let y1 ∈ 12, x1 ∈ 12 besuch that y11∩12=y′11, x11∩12=x′11 are rays and y11∩12={y1},
x11 ∩ 12 = {x1}. Then y′1 ∈ interior(x11) and x′1 ∈ interior(y11).
Proof. We show (1) and (2) of Proposition 6.8 cannot occur. First suppose (1) of Proposition 6.8 occurs,
that is, y′1 ∈ interior(x11) and y1 ∈ interior(x′11). In this case, x1y1 = x1x′1 ∪ x′1y1 and (y′1, y1, x1)
has three even angles. It follows that the only vertex x′1in the interior of x1y1 satisﬁes m(x′1)= 2. Since
x′1(1, x1)= , we also have  x′1(2, x1)= , contradicting Lemma 9.7.
Now suppose (2) of Proposition 6.8 occurs, that is, y′1 ∈ interior(x11) and y1 = x′1. Let x2 ∈ 12,
y2 ∈ 12 be such that x22 ∩ 12 = x′22, y22 ∩ 12 = y′22 are rays and x22 ∩ 12 = {x2},
y22 ∩ 12 = {y2}. Corollary 9.10 implies x′2 ∈ interior(x′12) and y′2 ∈ interior(y′12). Notice m(xi)=
m(x′i) = m(yi) = m(y′i) = 8 for i = 1, 2, otherwise if, say,m(x1) = 2, then  x1(x′1, i) =  for i = 1, 2,
contradicting Lemma 9.7. Since (x1, x′1, y′1) has three even angles, x1y′1 contains no vertex indexed by 8
in the interior. So we have y′2 ∈ x12.
First consider the case y′2 = x1. Then y2 = y1 by Lemma 9.8. Since  x′1(x1, 1) = , we have y2 ∈
interior(y12). The triangle (x1, y1, y2) has three even angles and so the side y1y2 contains no vertex
indexed by 8 in the interior. Consider x2x′2. Corollary 9.10 implies x2 = x1 and x′2 ∈ interior(x′12).
Since m(x′2) = 8, we have x′2 ∈ y22. By the ﬁrst paragraph x2 ∈ interior(x11). Since m(x2) = 8 and
x1y
′
1 contains no vertex indexed by 8 in the interior, x2 ∈ y′11. Now x2y1= x2y′1 ∪ y′1y1 and (x2, y1, x′2)
has three even angles. The three triangles (x2, y1, x′2),(x′1, y′1, x1) and (x1, y2, y1) give rise to a loop with
length 3/4 in Link(, y1), which is impossible.
Now consider the case y′2 ∈ interior(x12). By considering (x1, y1, y′1) we see  x1(y1, y′1)= /4 and
so  x1(y1, 2)3/4. It follows that y2 ∈ interior(y12). ConsiderQ= (x1, y1, y2, y′2). Q has one angle
x1(y1, 2)3/4 and the other three angles /4. Proposition 5.3 implies n(Q)12. On the other hand,
there are at least six chambers in S(Q) incident to x1, at least two chambers incident to each of y′2, y2,
x′1, for a total of 12. It follows that S(Q) is the union of these 12 chambers. However, the boundary of
this union is not a quadrilateral, contradiction. 
Proof of Proposition 9.6. Suppose 12 ∩ 12 = ∅. Let yi ∈ 12 and xi ∈ 12 (i = 1, 2) be such that
yii ∩ 12 = y′ii , xii ∩ 12 = x′ii are rays and yii ∩ 12 = {yi}, xii ∩ 12 = {xi}. Corollary 9.10
and Lemma 9.11 imply that there are two cases:
(1) there is some i = 1, 2 such that 1, y′1, xi, xi+1, y′2, 2 and i , x′i , y1, y2, x′i+1, i+1 are in linear
order;
(2) there is somei = 1, 2 such that 1, y′1, xi, xi+1, y′2, 2 and i , x′i , y2, y1, x′i+1, i+1 are in linearorder.
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We prove (2) is impossible, one similarly proves that (1) is impossible. Suppose (2) holds. Recall
m(v) = 8 if v is one of the vertices xi, x′i , yi, y′i (i = 1, 2). Consider Q = (y′1, y1, y2, y′2). Since all the
angles of Q are even, Proposition 5.3 implies n(Q)24.We count the chambers in S(Q) by counting the
chambers incident to vertices indexed by 8. The vertices xi, xi+1 lie in the interior of y′1y′2, and so there





2. We have exhibited 24 chambers in S(Q). It follows that n(Q)= 24 and  y1(y′1, y2)= /4.
Now considerQ′=(y′1, y1, x′i+1, xi+1). The quadrilateralQ′ has an angle  y1(y′1, x′i+1)3/4. It follows
that m(Q′)12. On the other hand, there are at least eight chambers in S(Q′) incident to xi and at least
two chambers incident to each of y′1, y1, x′i+1, xi+1,for a total of 16, contradiction. 
We next consider Type II geodesics.
Proposition 9.12. Let be a Fuchsian buildingwith chamber (2, 3, 8). If twoType II geodesics 12, 12
⊂ (1) are at different sides, then 12 ∩ 12 = ∅.
We start with some lemmas.
Lemma 9.13. Let 12, 12 be two disjoint Type II geodesics. Suppose 12, 12 are at different sides.
Let yi ∈ 12 (i = 1, 2) be such that yii ∩ 12 = y′ii is a ray and yii ∩ 12 = {yi}. Then y1 = y2.
Proof. Suppose y1 = y2. If y′1 = y′2, then y′1 ∈ interior(y′21). (y′1, y′2, y1) has two even angles and
all its sides are contained in Type II geodesics, contradicting Lemma 9.1. So we have y′1 = y′2. In this
case,  y′1(1, y1) =  y′1(2, y1) = . Let xi ∈ 12 (i = 1, 2) be such that xii ∩ 12 = x′ii is a ray
and xii ∩ 12 = {xi}. The uniqueness of geodesic implies x′i ∈ y1i . Since 12, 12 are at different
sides, we have x′i = y1. Lemma 9.1 applied to (xi, x′i , y1) shows  y1(i , y′1)=  y1(x′i , y′1)= /4 or /3.
Triangle inequality then implies  y1(1, 2)2/3, contradicting the fact that y1 ∈ 12. 
Lemma 9.14. Let 12, 12 be two disjoint Type II geodesics. Suppose 12, 12 are at different sides.
Let y1 ∈ 12, x1 ∈ 12 be such that y11∩12=y′11, x11∩12=x′11 are rays and y11∩12={y1},
x11 ∩ 12 = {x1}. Then y′1 ∈ interior(x11) and x′1 ∈ interior(y11).
Proof. We show (1) and (2) of Proposition 6.8 cannot occur. First suppose (1) of Proposition 6.8 occurs,
that is, y′1 ∈ interior(x11)and y1 ∈ interior(x′11). In this case, all sides of (x1, y1, y′1) are contained in
Type II geodesics and one of them x1y1=x1x′1∪x′1y1 consists of (at least) two edges. Lemma 9.1 implies
m(x′1)= 2. It follows that  x′1(x1, 1)=  x′1(x1, 2)= , contradicting Lemma 9.13.
Now suppose (2) of Proposition 6.8 occurs, that is, y′1 ∈ interior(x11) and y1 = x′1. The triangle
(x1, y1, y
′
1) has an even angle at y
′
1. Lemma 9.1 implies y′1y1, y′1x1 are edges in ,m(y′1)= 8,m(y1)= 3
and  x1(y1, y′1) = /3. Let x2 ∈ 12 be such that x22 ∩ 12 = x′22 is a ray and x22 ∩ 12 = {x2}.
Lemma 9.13 implies x1 = x2. The uniqueness of geodesic implies x′2 ∈ x′12. First assume x′2 = x′1.
Since  y′1(1, y1)=, the uniqueness of geodesic implies x2 ∈ y′12. The fact that 12, 12 are at different
sides impliesx2 = y′1.Hencex2 ∈ interior(x12). In this case, (x1, x2, y1)has an angle  x1(x2, y1)2/3,
contradicting Lemma 9.1. Therefore we must have x′2 ∈ interior(x′12). If x2 ∈ interior(y′11), then the
side x2y1 of (x2, y1, x′2) contains y′1 in the interior with m(y′1)= 8, contradicting Lemma 9.1. If x2 = y′1,
then (x2, y1, x′2) has an even angle at x′2 and Lemma 9.1 implies y′1y1consists of two edges, contradicting
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the above observation that y′1y1 is an edge. The only remaining possibility is x2 ∈ interior(x12). In this
case, the two angles of (x2, x1, y1, x′2) at x1 and y1 are 2/3, contradicting Lemma 9.2. 
Lemma 9.15. Let 12, 12 be two disjoint Type II geodesics. Suppose 12, 12 are at different sides.
Let yi ∈ 12 (i = 1, 2) be such that yii ∩ 12= y′ii is a ray and yii ∩ 12= {yi}. Then y1 = y2 and
y′1 ∈ interior(y′21).
Proof. The claim y1 = y2 is the content of Lemma 9.13. Let x1 ∈ 12 be such that x11∩ 12=x′11 is
a ray and x11 ∩ 12 = {x1}. Lemma 9.14 impliesy′1 ∈ interior(x11). The same lemma applied to y22
and x11 shows y′2 ∈ interior(x12). Hence y′1 ∈ interior(y′21). 
Proof of Proposition 9.12. Suppose 12 ∩ 12=∅. Let yi ∈ 12 and xi ∈ 12 (i= 1, 2) be such that
yii ∩ 12 = y′ii , xii ∩ 12 = x′ii are rays and yii ∩ 12 = {yi}, xii ∩ 12 = {xi}. Lemma 9.14
and Lemma 9.15 imply that there are two possibilities:
(1) there is some i=1, 2 such that 1, y′1, xi, xi+1, y′2, 2 and i , x′i , y1, y2, x′i+1, i+1 are in linear order;
(2) there is somei= 1, 2 such that 1, y′1, xi, xi+1, y′2, 2 and i , x′i , y2, y1, x′i+1, i+1 are in linear order.
We prove (1) is impossible, the proof that (2) is impossible is similar.
We assume (1) holds. We ﬁrst observe that m(v) = 2 if v is one of the xi, yi, x′i , y′i : if, for example,
m(x′1) = 2, then  x′1(1, x1) =  x′1(2, x1) = , contradicting Lemma 9.13. Consider the quadrilateral
(xi, xi+1, x′i+1, x′i). The two angles at x′i and x′i+1 are even, and the side x′ix′i+1 contains the two vertices
y1, y2 in the interior with m(y1),m(y2) = 2. Lemma 9.3 implies m(v) = 8 for every vertex v ∈
interior(x′ix′i+1) and there is a vertex v′ ∈ xixi+1 with m(v′) = 8. But the same lemma applied to
(y′1, y′2, y2, y1) impliesm(v) = 8 for every vertex v ∈ interior(y′1y′2).Here we have a contradiction since
xixi+1 ⊂ interior(y′1y′2) and v′ ∈ xixi+1 with m(v′)= 8. 
9.3. The image of an apartment
Let1 and2 be two Fuchsian buildings with chamber (2, 3, 8), and h : 1 → 2 a homeomorphism
that preserves the combinatorial cross ratio almost everywhere. There are integers p = q2 such that all
edges in 1 incident to vertices v with m(v)= 3 are contained in exactly p + 1 chambers, and all other
edges are contained in exactly q + 1 chambers. By Lemma 7.1 there are two possibilities:
(1) A geodesic c ⊂ (1)1 is Type I if and only if its image c′ is Type I. Hence all edges in 2 incident to
vertices w withm(w)= 3 are contained in exactly p+ 1 chambers, and all other edges are contained
in exactly q + 1 chambers;
(2) A geodesic c ⊂ (1)1 is Type I if and only if its image c′ is Type II. Hence all edges in 2 incident to
vertices w withm(w)= 3 are contained in exactly q + 1 chambers, and all other edges are contained
in exactly p + 1 chambers.
Lemma 9.16. Let A be an apartment in 1, and v ∈ A a vertex with m(v) = 8. Then the images of the
four Type I geodesics (in A) through v intersect in a unique vertex of 2.
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Proof. Let 1, 2, 3 ⊂ (1)2 be three geodesics of the same type. Suppose any two of them intersect in a
vertex and 1∩2∩3=∅. Denote xi=i−1∩i+1 (imod 3) and apply Proposition 5.2 to T =(x1, x2, x3).
If the i’s are Type I, then all the angles of T are /4; if the i’s are Type II, then the angles of T are /3,
/3 and /4. In any case, the angles of T are < /2.
Now let ci ⊂ A (i = 1, 2, 3, 4) be the four Type I geodesics through v, and c′i their images. Then
the geodesics c′i , 1i4 have the same type. Proposition 9.5 implies c′i ∩ c′j = ∅ for 1i, j4. First
suppose c′1, c′2, c′3 intersect in a point w and w /∈ c′4. Let yi = c′4 ∩ c′i for 1i3. We may assume y2 lies
between y1 and y3. Consider (w, y1, y2) and (w, y2, y3). The ﬁrst paragraph implies  y2(w, y1)< /2 and

y2(w, y3)< /2. The triangle inequality implies that  y2(y1, y3)< , contradicting y2 ∈ interior(y1y3).
Next we assume any three of c′i , 1i4 have empty intersection. Let yi , i = 1, 2, 3 be as above. We
may assume y2 lies between y1 and y3. Letw= c′1 ∩ c′3 andw1= c′1 ∩ c′2. Consider (w1, y1, y2). The ﬁrst
paragraph implies  y2(w1, y1)< /2. In particular, m(y2) = 2. Since y2 ∈ interior(y1y3), Proposition
5.2 applied to (w, y1, y3) implies m(y2)= 2, a contradiction. 
Let A be an apartment in 1. Type I geodesics in A divide A into triangular regions, each of which
is the union of six chambers. We consider the triangulation of A whose 1-skeleton is the union of Type
I geodesics. We denote by A[i], i = 0, 1, 2 the i-skeleton of this triangulation. Notice A[0] is the set of
vertices v in A with m(v)= 8.
Proposition 9.17. Let 1 and 2 be two Fuchsian buildings with chamber (2, 3, 8), and h : 1 → 2
a homeomorphism that preserves the combinatorial cross ratio almost everywhere. Then a geodesic
c ⊂ (1)1 is Type I if and only if its image c′ is Type I.
Proof. We suppose the opposite holds, that is, a geodesic c ⊂ (1)1 is Type I if and only if its image c′ is
Type II. Fix an apartment A of 1. First suppose there is a 2-simplex D in A[2] such that c′1 ∩ c′2 ∩ c′3 = ∅,
where c1, c2, c3 ⊂ A are the three geodesics that contain the edges ofD. Then Lemma 9.16 and the proof
of Proposition 8.17 imply that the images of all the Type I geodesics in A intersect in a unique vertex of
2, which is impossible. Hence for any 2-simplex D in A[2], if c1, c2, c3 ⊂ A are the threegeodesics that
contain the edges of D, then c′1 ∩ c′2 ∩ c′3 = ∅. Since c′1, c′2, c′3 are Type II geodesics, Lemma 9.1 implies
they form a triangle in 2 which has two angles =/3 and one angle =/4.
Let D1, D2 be two 2-simplices in A[2] that share an edge. Let v be one of the common vertices of
D1 and D2, c2 the geodesic in A containing the common edge of D1 and D2, c1 ⊂ A(1) the geodesic
containing the other edge of D1 incident to v, c3 ⊂ A(1) the geodesic containing the other edge of D2
incident to v, and i (i=1, 2) the geodesic containing the third edge ofDi . Denotew=c′1∩c′2, xi=c′i∩′i
(i = 1, 2), x3 = c′3 ∩ ′2. By the last paragraph, Ti : =(w, xi, xi+1) is a triangle with two vertices indexed
by 3.We may assumem(w)=3. Notice S(T1)∩S(T2) ⊂ 2 is a convex subcomplex containingwx2.We
claim S(T1)∩S(T2)=wx2. By Lemma 9.1 S(Ti) is the union of two chambers. If S(T1)∩S(T2) = wx2,
then S(T1)∩ S(T2) contains a chamber incident to w, which impliesc′1 ∩ c′3 contains an edge of 2. This
is impossible since c′1 and c′3 are at different sides, see Lemma 6.12.
Let c4 ⊂ A be the remaining Type I geodesic through v. LetD3 be the 2-simplex of A[2] incident to v,
with edges lying on c3 and c4 and sharing an edge with D2, and D4 the 2-simplex of A[2] incident to v,
with edges lying on c4 and c1 and sharing an edgewithD3. Let i be the geodesic containing the third edge
ofDi , i= 3, 4. Denote x4= c′4 ∩ ′3 and x5= c′1 ∩ ′4. There are four triangles Ti = (w, xi, xi+1), 1i4.
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Notice x1, x5 ∈ c′1 and d(w, x1)= d(w, x5). Hence there are two possibilities: either x5 = x1 or w is the
midpoint of x1x5. If x5 = x1, then the claim in the last paragraph implies that the four triangles Ti give
rise to a geodesic loop with length /3× 4 in the CAT(1) space Link(2, w), a contradiction. If w is the
midpoint of x1x5, then the same claim implies that the Ti’s give rise to an edge path with length 4 between
two opposite vertices of the generalized polygon Link(2, w). This is impossible becauseLink(2, w) is
a generalized 3-gon and opposite vertices have different types. 
Lemma 9.16 implies for any apartment A ⊂ 1, there is a well-deﬁned map fA : A[0] → (0), where
for any v ∈ A[0], fA(v) is the unique intersection point of the images of the four Type I geodesics in A
through v. We denote fA(v) by v′.
Proposition 9.18. Let A be an apartment in 1. Then there is a unique apartment A′ in 2 with the
following properties:
(1) fA(A[0])= A′[0];
(2) the map fA : A[0] → A′[0] extends to an isomorphism gA : A→ A′.
Proof. Let D be a 2-simplex in A[2]. Denote by c1, c2, c3 ⊂ A(1) the three geodesics that contain the
three edges of D. If c′1 ∩ c′2 ∩ c′3 = ∅, then Lemma 9.16 and the proof of Proposition 8.17 imply that the
images of all the Type I geodesics in A have nonempty intersection, impossible. Hence, c′1 ∩ c′2 ∩ c′3=∅.
Denote xi=ci−1∩ci+1 (imod 3). Since c′i is a Type I geodesic, T ′=(x′1, x′2, x′3) has three even angles and
Proposition 5.2 implies that S(T ′) is isometric to D. We deﬁne gD to be the unique isometry extending
the map fA|{x1,x2,x3}. It is clear that if D1, D2 ⊂ A[2] are two 2-simplices with D1 ∩D2 = ∅, then gD1
and gD2 agree on D1 ∩ D2.Hence we have a map gA : A → 2, where gA|D = gD for each 2-simplex
D ⊂ A[2].
Consider two arbitrary 2-simplices D1, D2 ⊂ A[2] that share an edge. Let vx2 (v, x2 ∈ A[0]) be
the common edge of D1 and D2, x1 the third vertex of D1 and x3 the third vertex of D2. Let ci ⊂ A
(i = 1, 2, 3) be the geodesic containing vxi , and j ⊂ A (j = 1, 2) the geodesic containing xjxj+1. Let
T ′i = (w, x′i , x′i+1) (i = 1, 2). Notice image(gDi ) = S(T ′i ). We claim image(gD1) ∩ image(gD2) = v′x′2.
The claim implies that gA is an isometry into 2 and hence image(gA) is an apartment in 2. Next we
prove the claim.
Suppose the claim is false. Recall S(T ′i ) ⊂ 2 is a convex subcomplex and is the union of six chambers.
We observe that S(T ′1) ∩ S(T ′2) is the union of the two chambers in S(T ′1) that have edges lying on v′x′2.
Otherwise S(T ′1)∩ S(T ′2) would contain a nontrivial segment of c′1 or ′1, which implies c′1 ∩ c′3 or ′1 ∩ ′2
contains a nontrivial interval, contradicting the fact that c′1, c′3 are at different sides and ′1, ′2 are also at
different sides. It follows that c′1 and c′3 make an angle /4. Let c4 ⊂ A be the fourth Type I geodesic
through v. Also let Di ⊂ A[2] (i = 3, 4) be the 2-simplex incident to v, lying between ci and ci+1
(i + 1mod 4),and sharing an edge with Di−1. Let i ⊂ A, i = 3, 4, be the geodesic containing the third
edge of Di . Denote x4 = c4 ∩ 4, x5 = c1 ∩ 4. Notice v′, x′1, x′5 ∈ c′1 and d(v′, x′1)= d(v′, x′5).
Let T ′i = (v′, x′i , x′i+1) (i = 3, 4). Note each T ′i has angle /4 at v′, and v′x′i+1 ⊂ S(T ′i ) ∩ S(T ′i+1).
Since c′1 and c′3 make an angle /4, the triangle inequality implies  v′(x′1, x′5)3/4. Hence x′1 = x′5. If
S(T ′2) ∩ S(T ′3)= v′x′3, then
(S(T ′1)− S(T ′1) ∩ S(T ′2)) ∪ (S(T ′2)− S(T ′1) ∩ S(T ′2)) ∪ S(T ′3)
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gives rise to an injective path in Link(2, v′) with length /2 from the initial direction of v′x′1 to that of
v′x′4. On the other hand,  v′(x′4, x′5)=/4 and x′1=x′5, a contradiction. Hence S(T ′2)∩S(T ′3) = v′x′3.We
have proved the implication: if S(T ′1) ∩ S(T ′2) is not a segment, then S(T ′2) ∩ S(T ′3) is not a segment. By
workingwith the 2-simplices ofA[2] around x2 instead of v and using gallery connectedness one concludes
that for any two 2-simplices E1, E2 ⊂ A[2] sharing an edge, the intersection image(gE1) ∩ image(gE2)
is not a segment. The above argument also shows that for any Type I geodesic c ⊂ A, and any three
consecutive vertices x, y, z ∈ c with m(x)=m(y)=m(z)= 8, we have x′ = z′. Consequently, for any
Type I geodesic c ⊂ A, there are inﬁnitely many vi ∈ c ∩ A[0](i1) such that the family {′ :  ⊂
A is Type I and ∃vi for some i} have nonempty intersection. We get a contradiction as in the proof of
Proposition 7.13. 
Corollary 9.19. Let A be an apartment in 1. Then for any vertex v ∈ A, the geodesics inD′A,v intersect
in a unique vertex of 2.
Proof. Since gA : A → A′ is an isomorphism, for any vertex v ∈ A, the gA-images of the geodesics in
DA,v intersect in a unique vertex. Hence it sufﬁces to show that for any 12 ⊂ A(1), we have gA(i)= ′i
(i = 1, 2), where gA : A → A′ also denotes the boundary map of gA : A → A′. By the deﬁnition
of gA this claim holds for all Type I geodesics in A. For an arbitrary geodesic +− ⊂ A(1), one can
ﬁnd a sequence of Type I geodesics ii ⊂ A(1), i ∈ Z, such that +− ∩ ii = ∅, ii → + as
i → +∞ and ii → − asi → −∞. It follows that i → + as i → +∞ and i → − as i → −∞.
Since h : 1 → 2 is a homeomorphism, we have ′+ = h(+)= h(limi→+∞i)= limi→+∞h(i)=
limi→+∞′i = limi→+∞gA(i)= gA(+). Similarly, ′− = gA(−) and we are done. 
9.4. Geodesics through a ﬁxed vertex
In this subsection we show that for any vertex v ∈ 1, the geodesics in D′v intersect in a unique
vertex.
By Corollary 9.19 for any vertex v ∈ 1 and any apartment A containing v, the geodesics in D′A,v
intersect in a unique vertex vA of 2. The proof of Corollary 9.19 actually shows vA = gA(v), where
gA : A→ A′ is the isomorphism in Proposition 9.18.
Proposition 9.20. Let 1 and 2 be two Fuchsian buildings with chamber (2, 3, 8), and h : 1 → 2
a homeomorphism that preserves the combinatorial cross ratio almost everywhere. Then for any vertex
v ∈ 1 with m(v)= 8, the geodesics in D′v intersect in a unique vertex of 2.
Proof. By Lemma 7.3, we only need to show that vA1 = vA2 holds for any two apartments A1, A2 ⊂ 1
containing v with Link(A1, v) ∩ Link(A2, v) a half apartment in Link(1, v). Let Bi = Link(Ai, v)
(i=1, 2), and 1, 2 the two endpoints ofB1∩B2.Denote bym the midpoint ofB1∩B2, andmi ∈ Bi the
point in Bi opposite to m. Since m(v)= 8,m1,m2 and m are vertices. Notice m1 and m2 are opposite to
each other. Let 1, 3 ∈ A1 and 2, 4 ∈ A2 such that v1, v2 have initial direction1 and v3, v4 have
initial direction 2. Similarly let 1, 3 ∈ A1 and 2, 4 ∈ A2 such that v3, v4 have initial direction
m, and vi (i = 1, 2) has initial direction mi . Then we have ij = vi ∪ vj for i = j , {i, j} = {3, 4}.
Lemma 9.4 implies 13 and ij (1i = j4, {i, j} = {3, 4}) are at different sides, and 24 and ij
are also at different sides.
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We claim the three geodesics ′1′2, ′1′3, ′3′2 have nonempty intersection. The rest of the proof is the
same as in Proposition 8.16. Suppose the claim is not true. Then Lemma 7.6 implies there are vertices
v1, v2, v3 such that ′1′2∩′1′3=v1′1, ′2′1∩′2′3=v2′2, ′1′3∩′2′3=v3′3; furthermore T : =(v1, v2, v3)
has three even angles and S(T ) is the union of six chambers, as shown in Fig. 3(h).In this case, ′1′3 and
′i′j (1i = j3) are Type I and are at different sides. Proposition 9.5 implies that ′1′3∩′i′j is a vertex
for 1i = j3. Denote wi = ′1′3 ∩ ′i+1′i+2 (imod 3). Since ′1′3 and ′i′j make even angles and are
at different sides, m(wi) = 2. Hence wi ∈ vi+1′i+1 or wi ∈ vi+2′i+2. We may assume w1 ∈ v3′3. If
w3 ∈ v1′1,then ′1′3 ∩ ′1′3 ⊃ w1w3 is not a vertex, contradiction. Similarly we obtain a contradiction if
w3 ∈ v2′2. 
Proposition 9.21. Let 1 and 2 be two Fuchsian buildings with chamber (2, 3, 8), and h : 1 → 2
a homeomorphism that preserves the combinatorial cross ratio almost everywhere. Then for any vertex
v ∈ 1 with m(v)= 3, the geodesics in D′v intersect in a unique vertex of 2.
Proof. Let v ∈ 1 be a vertexwithm(v)=3.We only need to show that gA1(v)=gA2(v) holds for any two
apartments A1, A2 ⊂ 1 containing v with Link(A1, v) ∩ Link(A2, v) a half apartment in Link(1, v).
Let Bi = Link(Ai, v) (i = 1, 2), and a, b the two endpoints of B1 ∩ B2. There are two edges e1 = vv1
and e2 = vv2 that have initial directions a and b, respectively. Note {m(v1),m(v2)} = {2, 8}. We may
assume m(v1)= 8 and m(v2)= 2. Let c, d be the other two vertices on B1 ∩B2 such that c lies between
a and d. Let vv3, vv4 be the edges that have initial directions c and d, respectively. Then m(v4)= 8, and
T3 = (v, v1, v3), T4 = (v, v3, v4) are (boundaries of) chambers. Let X = S(T3) ∪ S(T4). Notice X is a
convex subcomplex of 1, and X ⊂ A1 ∩ A2.
Since gAi : Ai → A′i is an isomorphism, gAi (X) ⊂ 2 is a convex subcomplex. Proposition 9.20 and
the fact m(v1)=m(v4)= 8 imply that gA1(v1)= gA2(v1) and gA1(v4)= gA2(v4). As v3 is the midpoint
of v1v4, we also have gA1(v3) = gA2(v3). Set v′1 = gA1(v1), v′3 = gA1(v3), v′4 = gA1(v4). Hence the
intersection of the two convex subcomplexes gA1(X), gA2(X) ⊂ 2 contains v′1v′4. It is easy to see that
either gA1(X)∩ gA2(X)= v′1v′4 or gA1(X)= gA2(X). If gA1(X)= gA2(X), then gA1(v)= gA2(v) and we
are done. We shall show that gA1(X) ∩ gA2(X)= v′1v′4 does not hold.
Let i ∈ Ai (i = 1, 2) be the point such that the initial direction of vi is opposite to c (the initial
direction of vv3). Then  v(1, 2)= 2/3. Notice 12 /⊂ (1)1 , otherwise there would be a triangle with
three even angles and one of the angles =2/3, contradicting Proposition 5.2.
Suppose gA1(X)∩ gA2(X)= v′1v′4. Sincem(v′3)=m(v3)= 2,  v′3(gA1(v), gA2(v))= . Hence v′3′1 ∪
v′3′2=v′3gA1(1)∪v′3gA2(2) ⊂ (1)2 is the geodesic from ′1 to ′2. It follows that 12 ⊂ (1)1 , contradicting
the preceding paragraph. 
Proposition 9.22. Let 1 and 2 be two Fuchsian buildings with chamber (2, 3, 8), and h : 1 → 2
a homeomorphism that preserves the combinatorial cross ratio almost everywhere. Then for any vertex
v ∈ 1 with m(v)= 2, the geodesics in D′v intersect in a unique vertex of 2.
Proof. LetA1, A2 ⊂ 1 be two apartments containing v with Link(A1, v)∩Link(A2, v) a half apartment
in Link(1, v). LetBi=Link(Ai, v)(i=1, 2), and a, b the two endpoints ofB1∩B2. There are two edges
e1=vv1, e2=vv2 ⊂ A1∩A2 that have initial directions a and b at v respectively. Notem(v1)=m(v2)=3
or 8. By Propositions 9.20, 9.21, gA1(v1) = gA2(v1) and gA1(v2) = gA2(v2). Since gAi (v) is the only
vertex in the interior of gAi (v1)gAi (v2), we have gA1(v)= gA2(v). 
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10. Triangles and quadrilaterals
In this section we prove Propositions 5.1–5.3. We have deﬁned triangles and quadrilaterals in
Section 5.
10.1. Support sets of triangles and quadrilaterals
Let X be a locally ﬁnite CAT(0) 2-complex, e.g., a Fuchsian building. For each x ∈ X, let logx :
X − {x} → Link(X, x) be the map that sends each y = x to the initial direction of xy at x.
Deﬁnition 10.1. Let c ⊂ X be a subset that is homeomorphic to a circle. The support set supp(c) of c is
the set of x ∈ X − c such that logx(c) represents a nontrivial class in H1(Link(X, x)).
The goal of this subsection is to show that a quadrilateral homeomorphic to a circle must bound a
compact surface in X. The triangle case was proved in [28].
Proposition 10.2 (Xie [28]). Let X be a locally ﬁnite CAT(0) 2-complex and c ⊂ X a triangle homeo-
morphic to a circle. Then supp(c) is a compact surface with boundary c and supp(c)= supp(c) ∪ c.
Given a triangle or quadrilateral c, we subdivide the 2-complex X such that c becomes part of the
1-skeleton of X. Thus if c is a triangle homeomorphic to a circle and x, y, z its corners, then the segment
from logx(y) to logx(z) is an edge path in the link Link(X, x). Note  x(y, z)<  since c is homeomorphic
to a circle. Each edge in logx(y)logx(z) corresponds to a 2-cell incident to x. Let U(c, x) be the union of
these 2-cells. The proof in [28] shows that U(c, x) is a neighborhood of x in supp(c).
Lemma 10.3. Let c ⊂ X be a triangle or quadrilateral homeomorphic to a circle, and x ∈ X− c. Then
x ∈ supp(c) if and only if logx(c) is homotopic to a simple loop with length < 4 in Link(X, x).
Proof. One direction is clear since Link(X, x) is a ﬁnite graph. For the other direction let x ∈ supp(c).
Then logx(c) is homotopically nontrivial in the ﬁnite CAT(1) graph Link(X, x). Notice if x1x2 is a
geodesic segment which does not contain x, then logx(x1)logx(x2) has length <  and logx(x1x2) is
homotopic to logx(x1)logx(x2). It follows that logx(c) is homotopic to a closed path with length < 4.
The unique closed geodesic  ⊂ Link(X, x) in the free homotopy class of logx(c) has the shortest length
in the class. It follows that length()< 4. Since a closed geodesic in a CAT(1) space has length at
least2,  must be a simple closed geodesic. 
Lemma 10.3 and the arguments in [28] imply the following:
Lemma10.4. Let c be a quadrilateral in X that is homeomorphic to a circle.Then supp(c) is a topological
surface, supp(c) is compact and supp(c) ⊂ c ∪ supp(c).
Now we are ready to prove
Proposition 10.5. Let X be a locally ﬁnite CAT(0) 2-complex and c ⊂ X a quadrilateral homeomorphic
to a circle. Then supp(c) is a compact surface with boundary c and supp(c)= supp(c) ∪ c.
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Proof. We shall show that each pointp ∈ c has a neighborhoodU such thatU∩supp(c) is homeomorphic
to a neighborhood of the origin in the closed upper half plane. Let x, y, z, w ∈ c be the four corners of c
in cyclic order. Let c1=xy∪yz∪zx and c2=wx∪xz∪zw.We ﬁrst consider the case when p ∈ c is one
of corners, say, p=w. We may assumew /∈ c1, otherwise c is a triangle and the proposition follows from
Proposition 10.2.We orient c1 and c2 so that they have opposite orientations on xz.We also orient c so that
c is homotopic to c1 ∗c2. First supposew /∈ supp(c1). By Lemma 10.4 and the remark before Lemma 10.3
there is a neighborhoodU ofw in X such that U ∩ supp(c2)=U(c2, w)∩U and U ∩ supp(c1)=∅. Since
c is homotopic to c1 ∗ c2, it follows from the deﬁnition of support set thatU ∩ supp(c)= U(c2, w) ∩ U .
Now suppose w ∈ supp(c1). Recall (see [28]) that the closed path logw(c1) is homotopic to a simple
loop c1w ⊂ Link(X,w) with length < 3. The simple loop c1w can be constructed as follows. The three
segments logw(x)logw(y), logw(y)logw(z), logw(z)logw(x) all have length <  and their intersections
are segments (possibly degenerate): there are a0, b0, c0 ∈ Link(X,w) with
logw(x)logw(y) ∩ logw(x)logw(z)= logw(x)a0,
logw(y)logw(x) ∩ logw(y)logw(z)= logw(y)b0
and
logw(z)logw(y) ∩ logw(z)logw(x)= logw(z)c0.
Then c1w=a0b0∪b0c0∪ c0a0. LetU(c1, w) be the union of the 2-cells of X that correspond to the edges
in c1w. Then U(c1, w) is a neighborhood of w in supp(c1). Since c is homotopic to c1 ∗ c2, for a small
neighborhood U of w in X we have
supp(c) ∩ U ⊂ (U(c1, w) ∪ U(c2, w)) ∩ U
and
(U(c2, w)− U(c1, w)) ∪ (U(c1, w)− U(c2, w)) ∩ U ⊂ supp(c) ∩ U .
We observe that the open 2-cells inU(c1, w)∩U(c2, w) are disjoint from supp(c): Let p be a point in some
open 2-cell ofU(c1, w)∩U(c2, w); by the above remark logp(c1) and logp(c2) are homotopic to the circle
Link(X, p) with length 2; since c is homotopic to c1 ∗ c2, the path logp(c) is either null-homotopic or
homotopic to twice of a generate in 1(Link(X, p)); the fact that logp(c) has length< 4 implies logp(c)
is null-homotopic. It follows that supp(c)∩U = (U(c2, w)− U(c1, w)) ∪ (U(c1, w)− U(c2, w))∩U .
Note (U(c2, w)− U(c1, w)) ∪ (U(c1, w)− U(c2, w)) is a closed disk and it is the union of the 2-cells
corresponding to the edges in the geodesic logw(x)b0 ∪ b0logw(z) ⊂ Link(X,w). We also observe that
logw(x)b0 ∪ b0logw(z) has length < 2.
We next consider the case when p is not a corner. We may assume p ∈ interior(zw). Then one of the
following occurs:
(1) pw ∩ px = pq is a nontrivial segment;
(2) pw ∩ px = {p} and px ∩ yz contains a point r;
(3) pw ∩ px = {p} and px ∩ yz= ∅.
Case (1): In this case zx=zq ∪qx. Then T1=xw∪wq ∪qx and T2=xy∪yz∪zx are two triangles, and
c is homotopic to T1 ∗ T2 with suitable orientations. Note p /∈ supp(T1) since logp(T1) is homotopic to a
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path with length < . It follows that there is a small neighborhood U of p in X such that U ∩ supp(c)=
U ∩ supp(T2).
Case (2): Let T1 = (z, p, r), T2 = (r, y, x) and T3 = (p, x,w). Then c is homotopic to T1 ∗ T2 ∗ T3
with suitable orientations. Note p /∈ supp(T2) since r ∈ px implies the path logp(T2) is homotopic to a
path with length < 2. The segments logp(r)logp(z) and logp(x)logp(w) in Link(X, p) intersect in a
(possibly degenerate) segment logp(r)a (a ∈ Link(X, p)). The path logp(z)a ∪ alogp(w) is a geodesic
in Link(X, p). The remark before Lemma 10.3 impliesU(T1, p) andU(T3, p) are neighborhoods of p in
supp(T1) and supp(T3), respectively. The argument in the second paragraph now implies that the closed
disk (U(T1, p)− U(T3, p)) ∪ (U(T3, p)− U(T1, p)) is a neighborhood of p in supp(c), and that the
disk is the union of the 2-cells that correspond to the edges in logp(z)a ∪ a logp(w).
Case (3): In this case T : =(p, x,w) andQ : =(z, y, x, p) are homeomorphic to a circle. The path c is
homotopic to T ∗Q with suitable orientations. The discussion in the second paragraph implies supp(Q)
determines a geodesic segment Qp ⊂ Link(X, p) with length < 2, and U(Q,p) is a neighborhood of
p in supp(Q), where U(Q,p) is the union of the 2-cells that correspond to the edges in Qp. On the
other hand, U(T , p) is a neighborhood of p in supp(T ), and the link of U(T , p) at p is the segment
logp(x)logp(w) which has length < . Since Link(X, p) is a ﬁnite CAT(1) graph and the distance in
Link(X, p) between logp(z) and logp(w) is at least , the intersectionQp ∩ logp(x)logp(w)= logp(x)a
is a (possibly degenerate) segment. Let U(c, p) be the union of the 2-cells that correspond to the edges
in (Qp − logp(x)a) ∪ alogp(w). Then U(c, p) is a disk. The argument in the second paragraph shows
that U(c, p) is a neighborhood of p in supp(c). 
The following lemma is a special case of a general observation due to B. Kleiner.
Lemma 10.6. Let c ⊂ X be a triangle or quadrilateral homeomorphic to a circle, and x ∈ supp(c).
Then any nontrivial geodesic segment yx in X can be extended into supp(c), that is, there is some point
z ∈ X − {x} such that xz ⊂ supp(c) and x ∈ yz.
Proof. Let  ∈ Link(X, x) be the initial direction of yx at x. Since x ∈ supp(c), logx(c) is homotopic
to a nontrivial loop cx in the CAT(1) graph Link(X, x) and interior(U(c, x)) ⊂ supp(c), where U(c, x)
is the union of 2-cells corresponding to the edges in cx . It follows that there exists some  ∈ cx such that
the distance in Link(X, x) from  to  is . Now we choose a geodesic segment xz ⊂ interior(U(c, x))
such that the initial direction of xz at x is . Then yz= yx ∪ xz is an extention of yx into supp(c). 
10.2. Gauss–Bonnet formula for piecewise Riemannian 2-complexes
In this subsection we recall the Gauss–Bonnet formula for ﬁnite 2-complexes with piecewise Rieman-
nian metrics (see for example [1]).
LetX be a ﬁnite 2-complex.We suppose each 2-cell ofX has a Riemannian metric such that the 1-cells
are geodesics, and for any two 2-cells f1, f2 with f1 ∩ f2 = ∅, the induced metrics on f1 ∩ f2 from f1
and f2 coincide.
For a vertex v let (v)= (Link(X, v)) be the Euler characteristic of the link Link(X, v). For a 2-cell
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where f varies over all 2-cells incident to v. The curvature measure of v is then by deﬁnition
(v)= (2− (v))− (v).










where s varies over all the 0-cells and 2-cells of X (the curvatures of the 1-cells are 0 since they are
geodesics).
The Gauss–Bonnet formula (see [1]) says
(X)= 2(X).
Note (X) = 1 when X is homeomorphic to a disk. If a 2-cell f has constant Gaussian curvature −1,
then (f )=−Area(f ).
Let  be a Fuchsian building. For a ﬁnite sequence of pairwise distinct points P = <x1, . . . , xl >
(l3) in , deﬁne d(P ) = (l − 2) −∑li=1  xi (xi−1, xi+1) (imod l). If T = (x, y, z) is a triangle, set
d(T ) = d(〈x, y, z〉). Similarly we deﬁne d(Q) if Q is a quadrilateral. For a triangle or quadrilateral
c ⊂ (1) homeomorphic to a circle, let n(c) be the number of chambers in supp(c). Recall supp(c) is a
ﬁnite subcomplex. We also denote by A0 the area of a chamber.
Corollary 10.7. Let  be a Fuchsian building, and c ⊂ (1) a triangle or quadrilateral homeomorphic
to a circle. If supp(c) is homeomorphic to a closed disk, then d(c)n(c)A0.
Proof. Let X = supp(c). Since  is CAT(−1), (v)0 if v ∈ X is a vertex but not a corner of c. On the
other hand, if v is a corner of c, then the length of Link(X, v) is larger than or equal to the angle of c at
v. The corollary follows from these two observations and Gauss–Bonnet formula. 
Let us make some observation aboutA0. The Gauss–Bonnet formula applied to the chamberR implies:
A0 = (k − 2)−∑(R), where R is a k-gon and∑(R) is the sum of angles at the vertices of R.
• if k5, then A0/2, with equality precisely when k = 5 and all the angles of R equal to /2;
• if k = 4, then A0/6, with equality precisely when R has angles /2, /2, /2, /3;
• if k = 3 and R has no right angle, then A0/12, with equality precisely when R = (3, 3, 4);
• if R = (2, 8, 8), then A0 = /4;
• if R = (2, 6, 8), then A0 = 5/24;
• if R = (2, 6, 6), then A0 = /6;
• if R = (2, 4, 6), then A0 = /12;
• if R = (2, 4, 8), then A0 = /8;
• if R = (2, 3, 8), then A0 = /24.
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10.3. Triangles in the 1-skeleton
Let  be a Fuchsian building and c ⊂ (1) a triangle or quadrilateral homeomorphic to a circle.
Then X : =supp(c) is a ﬁnite subcomplex homeomorphic to a compact surface with boundary. No-
tice a vertex v ∈ X is a special point if and only if (v)< 0. The remark before Lemma 10.3 im-
plies that the corners of a triangle are not special points. Proposition 5.1 follows from the following
result:
Proposition 10.8. Let  be a Fuchsian building and T ⊂ (1) a triangle that is homeomorphic to a
circle. Then supp(T ) contains no special points. In particular, supp(T ) is homeomorphic to a closed disk
and is convex in .
The second claim in the proposition follows easily from the ﬁrst one: assume X = supp(T ) contains
no special points; then X is locally convex in the CAT(−1) space ; it follows that X is actually convex
in  and hence is contractible.
Remark 10.9. I suspect that any triangle or quadrilateral homeomorphic to a circle in a CAT(0) 2-
complex must bound a disk, at least for those CAT(0) 2-complexes that admit cocompact groups of
isometries.
Let T = (x, y, z) ⊂ (1) be a triangle homeomorphic to a circle. Recall the angles of the chamber
R lie in {/2, /3, /4, /6, /8}. In particular, they are integral multiples of /24. It follows that d(T )
is an integral multiple of /24. On the other hand, d(T )> 0 because  is a CAT(−1) space. Therefore
/24d(T )5/8. We will prove Proposition 10.8 by inducting on d(T ), starting with triangles with
d(T )= /24. We ﬁrst make an observation that shall be used often later.
The following lemma follows easily from the triangle inequality and the fact that d(P )> 0 for any
ﬁnite sequence of pairwise distinct points P =<x1, . . . , xl > (l3).
Lemma 10.10. Let P = 〈x1, . . . , xl〉 (l3) be a sequence of pairwise distinct points, and yi ∈ xixi+1,
yj ∈ xjxj+1 with i < j . If P ′ = 〈yi, xi+1, . . . , xj , yj 〉 is a sequence of pairwise distinct points, then
d(P ′)< d(P ). 
We ﬁrst study triangles with d(T )= /24.
Lemma 10.11. Let  be a Fuchsian building and T = (x, y, z) ⊂ (1) a triangle that is homeomorphic
to a circle. If d(T )= /24, then R = (2, 3, 8) and T is the boundary of some chamber.
Proof. We claim that none of the segments xy, yz and zx contains any vertex in the interior. Suppose,
say, xy contains a vertex p in the interior. Then there is an edge pq ⊂ supp(T ) such that interior(pq) ⊂
supp(T ). Since supp(T ) is a compact surface, Lemma 10.6 implies pq extends into supp(T ) and the
extension hits the boundary of supp(T ) (which is T ) at some point r . The segment pr lies in (1). Let
c′ be the union of pr with one of the two components of T − {p, r}. Then c′ is either a triangle or
a quadrilateral. Lemma 10.10 implies d(c′)< d(T ) = /24, which is a contradiction since d(c′)> 0
is an integral multiple of /24. Hence xy, yz and zx are three edges in . Similarly one shows that
logx(y)logx(z) is an edge in Link(, x). It follows that xy andxz lie in the boundary of some chamber C
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and we conclude that C is actually a triangle and T is its boundary. Since d(T )= /24, A0 = /24. The
observation about A0 shows R = (2, 3, 8). 
For a triangle or quadrilateral c ⊂ (1) homeomorphic to a circle and x ∈ supp(c), let cx be the link
Link(supp(c), x). By Propositions 10.2 and 10.5 cx is a circle if x ∈ supp(c) and is a segment if x ∈ c.
Lemma 10.12. Let T = (x, y, z) ⊂ (1) be a triangle homeomorphic to a circle with d(T ) = k/24,
2k15. Assume supp(T ′) has no special points for every triangle T ′ ⊂ (1) homeomorphic to a circle
with d(T ′)(k − 1)/24. Then T contains no special points of supp(T ).
Proof. Suppose the lemma is false. Since the corners of T are not special points, we may assume there
is a special point p ∈ interior(xy). Then Tp is a segment with length > . Note Tp is an edge path in
Link(, p). Let  ∈ Tp be the point such that the subsegment of Tp from logp(x) to  has length . Then
 is a vertex inLink(, p). There is an edge pq ⊂ supp(T ) with initial direction  and interior(pq) ⊂
supp(T ). We extend the geodesic pq into supp(T ) until it hits a point r ∈ T . The uniqueness of geodesic
implies r ∈ interior(yz). Let T1= (x, r, z) and T2= (p, y, r). Lemma 10.10 implies d(Ti)(k− 1)/24
for i = 1, 2. The assumption then implies that supp(Ti) contains no special points. In particular supp(Ti)
is homeomorphic to a closed disk and we can apply Corollary 10.7 to Ti .
Note T2 has an even angle at p and A0/24. Since  r (p, z)+  r (p, y), Corollary 10.7 applied
to T2 shows that  r (p, z)  p(r, y)+  y(x, z)+ 2A02×/m(p)+/8+ 2×/24. Since there are at
leastm(p) chambers in supp(T1) incident to p, Corollary 10.7 applied to T1 implies that /8+ /8+

r (p, z) + m(p)A0. Combining these two inequalities we obtain m(p)A0 + 2/m(p)13/24. Since
A0 is an integral multiple of /24 and m(p) ∈ {2, 3, 4, 6, 8}, this inequality never holds and we have a
contradiction. 
Lemma 10.13. Let T = (x, y, z) ⊂ (1) be a triangle homeomorphic to a circle with d(T ) = k/24,
2k15. Assume supp(T ′) has no special points for every triangle T ′ ⊂ (1) homeomorphic to a circle
with d(T ′)(k − 1)/24. Then there is no special point in supp(T ).
Proof. Suppose there is a special point p ∈ supp(T ). Then Tp has length > 2. There is at least one
edge pq ⊂ supp(T ) such that its extension in supp(T ) eventually hits T at a point p1 different from x,
y and z. We may assume p1 ∈ interior(xy). Denote 1 = logp(p1). Let 2 = 3 ∈ Tp be the two points
such that their distance in Tp from 1 is exactly . We extend p1p inside supp(T ) in two ways, one in the
direction 2, the other in the direction 3. Suppose they eventually hit T at p2 and p3 respectively. Note
p2, p3 ∈ T − xy.
We claim one of p2, p3 lies in xz and the other lies in yz. Suppose otherwise, say, p2, p3 ∈ yz and
p3 ∈ interior(p2y). Let T1= (p1, p2, y). Lemma 10.10 and the assumption imply that supp(T1) contains
no special points and is convex in . In particular, Link(supp(T1), p) has length . This contradicts the
facts that p ∈ p1p2, p ∈ p1p3 and that the initial directions of pp2 and pp3 at p are different.
Wemay assumep2 ∈ xz andp3 ∈ yz. LetT2=(p1, p2, x),T3=(p1, p3, y) andQ=(p, p2, z, p3).Also
denotem=m(p). Lemma 10.10 and the assumption imply that supp(Ti) (i= 2, 3) is homeomorphic to a
closed disk and we can apply Corollary 10.7 to Ti . Sincep ∈ interior(p1pi), there are at leastm chambers
in supp(Ti). Now Corollary 10.7 implies  p1(p2, x)+  p2(p1, x)+  x(y, z)+mA0,  p1(p3, y)+

p3(p1, y) +  y(x, z) + mA0. Since  is CAT(−1) and all the angles of Q are integral multiples
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Fig. 7. Tessellation of H2 by (2, 6, 8).
of /24, we have  p2(p, z) +  p(p2, p3) +  p3(p, z) +  z(p2, p3)2 − /24. Notice  p2(p, z) +

p2(p, x), p3(p, z)+  p3(p, y),  p1(p, y)+  p1(p, x). Since the angles of T are /8, the
above inequalities imply 2/m+2mA07/12. The second term here, 2mA04×/24=/6. It follows
that 2/m5/12, which implies m6. The ﬁrst term 2/m/4. It follows that /32mA012A0,
or, A0/36, contradicting the fact that A0/24. 
The proof of Proposition 10.8 is now complete. Next we consider Proposition 5.2.
Lemma 10.14. Let  be a Fuchsian building with chamber R. If R is not a triangle, then no triangle in
(1) is homeomorphic to a circle.
Proof. Suppose T ⊂ (1) is a triangle homeomorphic to a circle. Assume R is a k-gon with k4 and let
0 be the smallest angle of R.Proposition 10.8 and Corollary 10.7 imply that 30 + n(T )A0. Since T
is a triangle and R is not, n(T )2. Notice A0/6 for k4. It follows that 02/9 and so 0 = /6
or /8. By Gauss–Bonnet A0/3. Repeating the above argument we obtain 0/9, contradicting the
fact that 0/8. 
There are two ways to prove the other claims in Proposition 5.2. The ﬁrst method is to use Corollary
10.7 and the observation about A0. Basically Corollary 10.7 puts severe restriction on the possible
conﬁgurations for supp(T ) and one can list all the triangles in (1) that are homeomorphic to a circle.
We omit the details here. On the other hand, Proposition 10.8 implies that supp(T ) is isomorphic to a
convex subcomplex in an apartment. So the second method is to ﬁnd all the triangles by examining the
tessellation of H2 by the chamber. Here we exhibit the tessellations by (2, 6, 8), (2, 4, 8) and (2, 3, 8) in
Figs. 7, 8 and 9, respectively.
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Fig. 8. Tessellation of H2 by (2, 4, 8).
Fig. 9. Tessellation of H2 by (2, 3, 8). Courtesy of Martin Deraux.
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10.4. Quadrilaterals must bound disks
In this subsection we show that supp(Q) is homeomorphic to a closed disk for any quadrilateral
Q ⊂ (1) homeomorphic to a circle. Proposition 5.3 then follows from Corollary 10.7. The proof is based
on the following lemma. Recall Qx : =Link(supp(Q), x) is a circle if x ∈ supp(Q) and is a segment if
x ∈ Q.
Lemma 10.15. Let Q = (x, y, z, w) ⊂ (1) be a quadrilateral that is homeomorphic to a circle. Then
supp(Q) is homeomorphic to a closed disk if the following conditions are satisﬁed:
(1) there is no special point in supp(Q);
(2) x, y, z, w are not special points;
(3) for each p ∈ Q, the segmentQp has length 2;
(4) there is at most one special point in the interior of each side of Q.
Proof. By Proposition 10.5, supp(Q) is a compact surface with boundary Q. It sufﬁces to prove that
supp(Q) is simply connected. Notice supp(Q) has nonpositive curvature with respect to the path metric,
which is denoted by d ′. Suppose supp(Q) is not simply connected. Then there is a simple closed geodesic
(with respect to d ′)  ⊂ supp(Q) (see p. 202 of [9]).  must contain special points since otherwise  is
a closed geodesic in the CAT(−1) space . One also sees that  contains at least three special points.
The assumption implies that there are either 3 or 4 special points on , and hence  is actually a triangle
or quadrilateral in  with the special points as corners. For any special point p ∈  ∩Q, condition (3)
implies that the angle (measured in ) that makes at p is at least /2. Now we have a contradiction since
the angles at the corners of the triangle or quadrilateral  are at least /2 and  is a CAT(−1) space. 
We ﬁrst show condition (3) of Lemma 10.15 holds:
Lemma 10.16. Let  be a Fuchsian building and Q = (x1, x2, x3, x4) ⊂ (1) a quadrilateral that is
homeomorphic to a circle. Then length(Qp)2 for every p ∈ Q.
Proof. Suppose there is some p ∈ Q with length(Qp)> 2. Then p is a vertex. The proof of Lemma
10.5 shows that p is not a corner. We may assume p ∈ interior(x1x2). We claim m(p) = 2. Suppose
m(p) = 2. Then length(Qp)3 and there are two edges pq1, pq2 ⊂ supp(Q) such that the angle
between any two of px1, pq1, pq2 and px2 is . We extend pq1, pq2 inside supp(Q) until they hitQ at
r1 and r2 respectively. The uniqueness of geodesic implies r1, r2 ∈ x3x4. But then r1r2= r1p∪pr2 is not
contained in x3x4, contradicting the uniqueness of geodesic. Hence m(p)3. Since length(Qp)> 2,
there are edges pq1, . . . , pql ⊂ supp(Q),with l6 and interior(pqi) ⊂ supp(Q). We extend each pqi
until it hitsQ at some point ri .We orient x1x4∪x4x3∪x3x2 from x1 to x2 and relabel the points q1, . . . , ql
such that r1, . . . , rl are in linear order in x1x4∪x4x3∪x3x2 when one travels from x1 to x2.We set r0=x1
and rl+1 = x2. Since l6, there exist at least 3 points ri, ri+1, ri+2 that lie on the same side of Q. In
particular, the triangle (p, ri, ri+2) has a side riri+2 containing at least two edges. Proposition 5.2 implies
R is a right triangle.
We claim R = (2, 3, 8) and m(p) = 3. Suppose R = (2, 3, 8). Then m(p)4 and l8. There are
four vertices ri, ri+1, ri+2, ri+3 (for some 0i l − 2) that lie on the same side of Q, and the triangle
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(p, ri, ri+3) has a side riri+3 containing four vertices, contradicting Proposition 5.2. HenceR= (2, 3, 8).
If m(p)= 8, then l16 and there are 6 vertices ri, . . . , ri+5 (for some 0i l − 4) that lie on the same
side ofQ; it follows that the triangle (p, ri, ri+5) has a side containing six vertices, contradicting Propo-
sition 5.2.
Hence m(p)= 3 and l6. Notice Proposition 5.2 implies if (y1, y2, y3) ⊂ (1) is homeomorphic to a
circle andm(y1)= 3, then  y2(y1, y3)/2 and equality holds only when (y1, y2, y3) is the boundary of
a chamber. It follows that if ri, ri+1, ri+2 lie on the same side of Q, then m(ri+1) = 2 and (p, ri, ri+1),
(p, ri+1, ri+2) are boundaries of chambers. This implies that each side ofQ contains at most three of the
ri’s. We claim there is no i such that {ri, ri+1, ri+2} ⊂ x1x4 − {x4} and {ri+3, ri+4, ri+5} ⊂ x3x4 − {x4};
and similar claim also holds about the two sides of Q incident to x3. Suppose there is such an i. Let
Q1= (p, ri+2, x4, ri+3). Then the observation about angles implies that d(Q1)< 0, which is impossible.
Recall there are at least eight rj ’s. If x3= ri for some i, then x2x3 contains exactly three rj ’s, and each of
x1x4−{x4},x3x4−{x4} contains exactly three rj ’s, contradicting the above claim.Hence x3 is distinct from
all the rj ’s. Similarly x4 is also distinct from all the rj ’s. The above claim implies x3x4 contains exactly
two rj ’s and they lie in interior(x3x4), and each of x1x4 − {x4}, x2x3 − {x3} also contains exactly three
rj ’s. So we have r1, r2 ∈ interior(x1x4), r3, r4 ∈ interior(x3x4) and r5, r6 ∈ interior(x2x3). Consider
T = (p, r3, r4). Since m(p) = 3, Proposition 5.2 implies at least one of  r3(p, r4),  r4(p, r3) is /4.
We may assume  r4(p, r3)/4. It follows that  r4(p, x3)3/4 and d(Q2)< 0, which is impossible,
whereQ2 = (p, r4, x3, r5). The contradiction proves the lemma. 
The proof of Proposition 5.3 is similar to that of Proposition 10.8: we induct on d(Q)=k/24, starting
with k = 1, 2.
Lemma 10.17. Let  be a Fuchsian building and Q = (x1, x2, x3, x4) ⊂ (1) a quadrilateral that is
homeomorphic to a circle.Then d(Q)2/24.Moreover, if d(Q)=2/24, thenR=(2, 3, 8) and supp(Q)
can be obtained by gluing two chambers along an edge.
Proof. Note d(Q)> 0 is an integral multiple of /24. Hence d(Q)/24. Suppose d(Q)= /24. Then
the proof of Lemma 10.11 shows that xixi+1 (imod 4) is an edge and logxi (xi−1)logxi (xi+1) is an edge
in Link(, xi). From this it is not hard to see that Q is the boundary of a chamber. In particular the
chamber is a 4-gon. In this case d(Q)=A0/6, contradicting the assumption that d(Q)=/24. Hence
d(Q)2/24.
Now suppose d(Q)= 2/24.Assume some side ofQ, say x1x2, contains a vertex p in the interior. For
an edge pp′ ⊂ supp(Q) with interior(pp′) ⊂ supp(Q), we extend pp′ inside supp(Q) until it hits Q at
some point q. Since d(Q′)2/24 for all quadrilaterals, Lemma 10.10 implies q ∈ interior(x1x4), or q ∈
interior(x2x3). We may assume q ∈ interior(x1x4). Denote T = (p, q, x1) and P =<p, x2, x3, x4, q >.
Lemma 10.10 implies d(T ) = d(P ) = /24. By Lemma 10.11, R = (2, 3, 8) and T is the boundary of
some chamber. At least one of m(p), m(q) is = 2. We may assume m(p) = 2. Then there is an edge
pp′′ ⊂ supp(Q) different frompp′ with interior(pp′′) ⊂ supp(Q).We extendpp′′ inside supp(Q) until it
hitsQ at some point r = q. Then r ∈ interior(x1x4), or r ∈ interior(x2x3).Note r ∈ interior(x1x4) cannot
hold since otherwise both x1q and x1r are edges. Now Lemma 10.10 applied to P and T ′ = (p, r, x2)
implies d(T ′)< /24, a contradiction. Hence each xixi+1 is an edge.
The ﬁrst paragraph shows there is some i such that logxi (xi−1)logxi (xi+1) contains at least two edges.
It implies that there is some edge xip′ ⊂ supp(Q) with interior(xip′) ⊂ supp(Q). We extend xip′ inside













Fig. 10. Corner x1 is a special point.
supp(Q) until it hits some q ∈ Q. Since d(Q) = 2/24 and d(Q′)2/24 for all quadrilaterals Q′,
Lemma 10.10 implies q = xi+2. Let T1 = (xi, xi+1, xi+2) and T2 = (xi, xi−1, xi+2). By Lemma 10.10,
d(T1)=d(T2)=/24. Lemma 10.11 then implies thatR= (2, 3, 8) and both T1 and T2 are the boundaries
of chambers. 
We ﬁrst consider the case when one of the corners ofQ is a special point. Recall for each x ∈ supp(Q),
Qx denotes the link of supp(Q) at x.
Lemma 10.18. Let  be a Fuchsian building and Q = (x1, x2, x3, x4) ⊂ (1) a quadrilateral that is
homeomorphic to a circle. IfQx1 has length > , it then R = (2, 3, 8) and supp(Q) must be as shown in
Fig. 10.
Proof. Let  ∈ Qx1 be the point such that the subsegment of Qx1 from logx1(x4) to  has length .
Let x1q ⊂ supp(Q) be the edge with initial direction  at x1. We extend x1q inside supp(Q) until it
hits Q at some point r . The uniqueness of geodesic implies r ∈ interior(x2x3). Let T1 = (x4, r, x3) and
T2= (x1, x2, r).Since the side x4r = x4x1 ∪ x1r of T1contains at least two edges, Proposition 5.2 implies
R is a right triangle and  r (x1, x3)/2. We claim  r (x1, x2)/2. Suppose  r (x1, x2)> /2. Then
Proposition 5.2 implies that R= (2, 3, 8) and  r (x1, x2)= 2/3,  x1(r, x2)= /8. Now consider T1: the
side x4r contains the vertex x1 in the interior withm(x1)=8 and one endpoint r of x4r satisﬁesm(r)=3.
However, by Proposition 5.2 no such triangle exists.
Now  r (x1, x3)/2,  r (x1, x2)/2 and the triangle inequality imply that  r (x1, x2)= r (x1, x3)=
/2. Consider T2. Since  r (x1, x2)=/2,  x1(r, x2)< /2. In particular,m(x1)> 2. Now consider T1: the
angle at r is /2, the side x4r contains the vertex x1 in the interior withm(x1)> 2. Proposition 5.2 implies
R= (2, 3, 8),m(r)= 2,m(x1)= 3 and supp(T1) is as shown in Fig. 3(d). It follows that  x1(r, x2)= /3
and by Proposition 5.2 T2 is the boundary of a chamber. Now the lemma follows. 
From now on we assume that none of the four corners ofQ is a special point.
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Lemma 10.19. Let Q = (x1, x2, x3, x4) ⊂ (1) be a quadrilateral that is homeomorphic to a circle
with d(Q) = k/24, k3. Suppose supp(Q′) is homeomorphic to a closed disk for every quadrilateral
Q′ ⊂ (1) homeomorphic to a circle with d(Q′)(k−1)/24. Then for each i, interior(xixi+1) (imod 4)
contains at most one special point.
Proof. Suppose the lemma is not true.We may assume interior(x1x2) contains two special points y1, y2,
and y1 ∈ x1y2. Let i ∈ Qyi (i=1, 2) be the point inQyi such that the subsegment from logyi (x3−i) to i
has length . We extend the geodesic x3−iyi into supp(Q) in the direction of i until it hits a point zi on
Q. Note yizi ⊂ (1). The uniqueness of geodesic implies z1 ∈ x1x4 ∪ x4x3 andz2 ∈ x2x3 ∪ x3x4. Note
z1z2=z1y1∪y1y2∪y2z2. The uniqueness of geodesic implies at most one of z1, z2 lies on x3x4.We claim
none of z1, z2 lies on x3x4. Suppose the contrary holds, say, z2 ∈ x3x4. Then z1 ∈ interior(x1x4). Consider
T = (x1, z2, x4): z1 ∈ interior(x1x4), y2 ∈ interior(x1z2) and y2z1 ∩ x1z2= y2y1 is a nontrivial segment.
This contradicts Proposition 5.1. Hence z1 ∈ x1x4 and z2 ∈ x2x3. Notice  yi (xi, zi) (i = 1, 2) is an even
angle. Proposition 5.2 applied to Ti = (xi, yi, zi) implies R is a right triangle. Let Q′ = (z1, z2, x3, x4).
Lemma 10.10 and the assumption imply that supp(Q′)is homeomorphic to a closed disk and we can apply
Corollary 10.7 toQ′.
We claimR=(2, 3, 8). SupposeR = (2, 3, 8). ThenA0/12. Since  yi (xi, zi) (i=1, 2) is an even an-
gle, Proposition 5.2 impliesm(yi)4 and  zi (xi, yi)/4. It follows that  z1(y1, x4),  z2(x3, y2)3/4
and d(Q′)/4. Corollary 10.7 implies that n(Q′)3. On the other hand, since y1 ∈ interior(z1z2) and
m(y1)4, there are at least four chambers in supp(Q′) incident to y1, a contradiction.
We next claimm(y1)=m(y2)=8. Suppose the claim is not true, say,m(y1) = 8. Since T1=(x1, y1, z1)
has an even angle at y1, we must have m(y1) = 3. Proposition 5.2 applied to T1 implies  z1(x1, y1) =
/8. Proposition 5.2 applied to T2 also implies  z2(x2, y2)/2. It follows that  z1(x4, y1) = 7/8,

z2(x3, y2)/2 and d(Q′)3/8. Corollary 10.7 then implies n(Q′)9. Now we count the chambers
in supp(Q′) that intersect z1z2: at least seven chambers are incident to z1, at least three are incident to
y1 and at most one of them is incident to both z1 and y1, at least three are incident to y2 and at most one
of them is incident to both y1 and y2. Hence there are at least 11 chambers in supp(Q′), contradicting
n(Q′)9.
Notice Proposition 5.2 implies  zi (xi, yi)/2 because  yi (xi, zi) (i = 1, 2) is an even angle. It
follows that  z1(y1, x4),  z2(x3, y2)/2. On the other hand, since y1, y2 ∈ interior(z1z2) and m(y1)=
m(y2) = 8, we have n(Q′)16. Corollary 10.7 then implies that  x4(x3, z1) =  x3(x4, z2) = /8 and

z1(y1, x4) =  z2(x3, y2) = /2. In particular, m(x3) = m(x4) = 8. Corollary 10.7 applied to Q′ again
shows that n(Q′)= 18. We count the chambers in supp(Q′) that are incident to vertices indexed by 8: at
least eight chambers are incident to each of y1, y2, and at least one is incident to each of x3, x4, for a total
of 18. It follows that supp(Q′) is the union of these 18 chambers.Since  z1(y1, x4)=  z2(x3, y2)= /2
and  yi (xi, zi) is an even angle, Proposition 5.2 applied to Ti shows that m(zi) = 2 and ziyi is an
edge. It follows that the vertices on z1z2 are periodically indexed by 2 and 8, and there is exactly one
vertex in interior(y1y2) and it is indexed by 2. One also observes that there is exactly one vertex in the
interior of each of the segments z1x4, z2x3 and it is indexed by 3. From these observations one sees
that the union of the above 18 chambers is as shown in Fig. 11. This union is not a quadrilateral, a
contradiction. 
Lemma 10.20. Let Q = (x1, x2, x3, x4) ⊂ (1) be a quadrilateral that is homeomorphic to a circle
with d(Q) = k/24, k3. Suppose supp(Q′) is homeomorphic to a closed disk for every quadrilateral












Fig. 12. x ∈ supp(Q) is a special point of supp(Q).
Q′ ⊂ (1) homeomorphic to a circle with d(Q′)(k − 1)/24. If there is a special point x ∈ supp(Q),
then R = (2, 3, 8) and supp(Q) must be as shown in Fig. 12.
Since x ∈ supp(Q) is a special point,Qx is a circle with length > 2. It follows that there are at least
ﬁve edges that are contained in supp(Q) and incident to x.We extend these geodesics inside supp(Q) until
they hitQ. Geodesic uniqueness implies these ﬁve points onQ are pairwise distinct.At least one of these
ﬁve points is different from all the x′is.We denote this point by r1 and wemay assume r1 ∈ interior(x1x2).
Let  ∈ Qx be the initial direction of xr1 at x. Let 2, 3 ∈ Qx be the two points inQx that have distance
 from .We extend r1x inside supp(Q) in the directions 2 and 3 until the extensions hitQ at two points
r2 and r3, respectively. Note r2, r3 ∈ Q− x1x2. Then exactly one of the following occurs:
(1) one of r2, r3 lies in x2x3 and the other lies in x1x4, but {r2, r3} = {x3, x4};
(2) one of r2, r3 lies in interior(x3x4), the other lies ininterior(x2x3) or in interior(x1x4);
(3) r2, r3 both lie in x2x3 or both lie in x1x4;
(4) r2, r3 ∈ interior(x3x4);
(5) one of r2, r3 lies in interior(x3x4) and the other lies in {x3, x4};
(6) {r2, r3} = {x3, x4}.
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Lemma 10.21. Case (1) cannot occur.
Proof. Suppose case (1) occurs.We may assume r2 ∈ interior(x2x3) and r3 ∈ x1x4. Let T2= (r2, x2, r1),
T3=(r3, x1, r1).Notice the side r1ri ofTi contains at least twoedges.ByProposition5.2R is a right triangle
and  r1(x2, r2),  r1(x1, r3)/2. Using the triangle inequality, one further concludes that  r1(x2, r2)=

r1(x1, r3)=/2.Applying Proposition 5.2 again, one sees thatR=(2, 3, 8) and there are two possibilities
for Ti :
(a) Both T2 and T3 are as shown in Fig. 3(b), in which case m(x)= 2 and Ti has angle /8 at ri ;
(b) Both T2 and T3 are as shown in Fig. 3(d), in which case m(x)= 3 and Ti has angle /8 at ri .
Suppose (a) occurs. Then r2r3 = r2x ∪ xr3, and c = (r2, r3, x4, x3) is a quadrilateral if r3 = x4 and is a
triangle if r3 = x4. Since Ti has angle /8 at ri (i = 2, 3), we have d(c)0, contradicting the fact that 
is a CAT(−1) space.
Suppose (b) holds. First assume r3=x4. ThenQ′=(x4, x, r2, x3) is a quadrilateral with d(Q′)< d(Q).
The assumption implies that supp(Q′) is a closed disk and we can apply Corollary 10.7. Note  x(r2, r3)=
2/3 and  r2(x, x3)= 7/8. Hence d(Q′)5/24 and n(Q′)5. On the other hand, there are at least 7
chambers in supp(Q′) that are incident to r2, a contradiction.
Now assume r3 = x4. Proposition 5.1 implies T2x = Link(supp(T2), x) has length . The segment
23 ⊂ Link(, x) has length 2/3. Since  x(r3, r1)=  x(r2, r1)=, 23∩T2x either equals {2} or is a
segment with length /3. First suppose 23∩T2x ={2}. Let y be the only vertex in interior(r2x2). Then
m(y)=2 and r3y=r3x∪xy. LetQ1=(r3, y, x3, x4). Then d(Q1)< d(Q) and supp(Q1) is a closed disk.
Note d(Q1)3/8. Hence n(Q1)9. Let us count the chambers in supp(Q1): since m(r2)=m(r3)= 8
and r2 ∈ interior(yx3), there are at least seven chambers incident to r3 and at least eight incident to r2.
Hence n(Q1)15, contradiction.
Now suppose 23∩T2x is a segmentwith length /3. In this case (x, y, r3) is the boundary of a chamber.
In particular, r3y is an edge. The factm(y)= 2 implies  y(r3, x3)=  and T = (r3, x3, x4) ⊂ (1). Since

r3(x, x1)=  r3(x, y)= /8, we conclude  r3(x4, x3)6/8 and d(T )0, which is impossible. 
Lemma 10.22. Case (2) cannot occur.
Proof. Suppose case (2) occurs. We may assume r2 ∈ interior(x2x3) and r3 ∈ interior(x3x4). Let
T =(r1, r2, x2),Q1=(x1, r1, r3, x4) andQ2=(x, r2, x3, r3). Then d(Qi)< d(Q) (i=1, 2) and supp(Qi)
is a closed disk. Since x ∈ interior(r1r2), Proposition 5.2 applied to T implies R is a right triangle. Note
m(x) = 2: otherwise  x(r2, r3) = , xr1 and xr3 are extensions of r2x and we have case (1), which
does not occur. Proposition 5.2 then implies R = (2, 4, 8), (2, 4, 6), or (2, 3, 8). Assume R = (2, 4, 8).
Then A0 = /8, m(x)= 4 and  r2(x, x2)= /8. It follows that  r2(x, x3)= 7/8. Note  x(r2, r3)/2
since m(x) = 4 and  x(r2, r3) is a nonzero even angle. Now d(Q2)3/8 and n(Q2)3,contradicting
the fact that there are at least 7 chambers in supp(Q2) incident to r2. Similarly R = (2, 4, 6). Hence
R = (2, 3, 8).
We claimm(v) = 8 for every vertex v ∈ interior(r1r2); in particular,m(x)=3. Suppose there is a vertex
v ∈ interior(r1r2)withm(v)=8. Then Proposition 5.2 applied to T implies  r2(x, x2)= r1(x, x2)=/8
and m(v)= 2 or 8 for all vertices v on r1r2. It follows that  r1(x, x1)=  r2(x, x3)= 7/8 and m(x)= 8
(since m(x) = 2). We count the chambers in supp(Q1): at least seven chambers are incident to r1 and
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at least eight are incident to x. Hence n(Q1)15. Corollary 10.7 applied toQ1 implies  r3(x, x4)/4.
It follows that  r3(x, x3)3/4. Since  x(r2, r3)/4 and  r2(x, x3) = 7/8, we conclude d(Q2)0,
impossible.
Since m(x)= 3, the two vertices in r1r2 that are adjacent to x are indexed by 2 and 8, respectively. It
follows from the last paragraph that one of the following occurs:
(a) m(r2)= 8 and xr2 is an edge;
(b) m(r1)= 8 and xr1 is an edge.
First assume (a) holds. Then Proposition 5.2 implies  r2(x, x2)=/8 or 2/8. It follows that  r2(x, x3)=
7/8 or 6/8. If  r2(x, x3) = 7/8, then n(Q2)5, contradicting the fact that there are at least seven
chambers in supp(Q2) incident to r2. If  r2(x, x3) = 6/8, then n(Q2)8. A similar argument shows

x3(r3, r2)< /3, in particular, m(x3) = 3. It follows that there is a vertex v ∈ interior(r2x3) with
m(v)= 3. Now there are six chambers in supp(Q2) incident to r2 and two chambers incident to v but not
to r2. Hence supp(Q2) is the union of these eight chambers. However, this union is not a quadrilateral, a
contradiction.
Now we assume (b) holds. Then  r1(x, x1)= 7/8 or 6/8. On the other hand, either  r3(x, x4)/2
or  r3(x, x3)/2. Assume  r3(x, x4)/2 and  r1(x, x1) = 7/8. Then n(Q1)9. There are seven
chambers in supp(Q1) incident to r1 and two chambers incident to x but not to r1. It follows that supp(Q1)
is the union of these nine chambers. However, this union is not a quadrilateral, a contradiction. Now
assume  r3(x, x4)/2 and  r1(x, x1) = 6/8. Then  r1(x, x2) = 2/8. Proposition 5.2 implies that

r2(x, x2) = /8. Hence  r2(x, x3) = 7/8. Also note  x(r2, r3) = 2/3. It follows that n(Q2)5,
contradicting  r2(x, x3) = 7/8. Therefore we have  r3(x, x4)< /2.It follows that  r3(x, x3)5/8.
Since  r2(x, x2)/2, we have  r2(x, x3)/2. Consequently d(Q2)/12 and n(Q2)2. It follows
that supp(Q1) is the union of the two chambers incident to x. In particular, m(r3) = 2, contradicting

r3(x, x3)5/8. 
Lemma 10.23. Case (3) cannot occur.
Proof. Suppose case (3) occurs.Wemayassume r2, r3 ∈ x2x3 and r2 ∈ interior(r3x2). LetT=(r1, r3, x2).
Since r2 ∈ interior(r3x2) and x ∈ interior(r3r1), Proposition 5.1 implies  x(r1, r2)< , contradicting the
deﬁnition of r2. 
Lemma 10.24. Case (4) cannot occur.
Proof. Suppose case (4) occurs. We may assume r3 ∈ interior(x4r2). Let T = (x, r2, r3), Q1 = (x1, r1,
r3, x4) and Q2 = (x2, r1, r2, x3). Then d(Qi)< d(Q) (i = 1, 2) and supp(Qi) is a closed disk. Note T
has an even angle at x. Proposition 5.2 implies R is a right triangle. We claim R = (2, 3, 8), that is,
R = (2, 8, 8), (2, 6, 8), (2, 6, 6), (2, 4, 8), (2, 4, 6). We only show R = (2, 4, 8), the other cases can
be handled similarly. Assume R = (2, 4, 8). Then A0 = /8. At least one of  r1(x, x1),  r1(x, x2)/2.
We may assume  r1(x, x2)/2. Proposition 5.2 applied to T shows  r2(x, r3)/4, which implies

r2(x, x3)3/4. It follows that d(Q2)/2 and n(Q2)4. On the other hand, since m(x)4 and

r2(x, x3)3/4, there are at least four chambers in supp(Q2) incident to x, and at least two chambers
incident to r2 but not to x. Hence n(Q2)6, contradicting n(Q2)4.
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We claim m(x) = 8. Assume m(x) = 8. Since T has an even angle at x, m(x) = 3. Proposition 5.2
implies  r2(r3, x) =  r3(r2, x) = /8. Then  r2(x3, x) =  r3(x4, x) = 7/8. At least one of  r1(x, x1),

r1(x2, x) is /2. We may assume  r1(x2, x)/2. Then d(Q2)3/8 and n(Q2)9. We count the
chambers in supp(Q2): at least seven chambers are incident to r2 and at least two chambers are incident
to x but not to r2. Hence supp(Q2) must be the union of these nine chambers. But this union is not a
quadrilateral. Contradiction.
Assume T is as shown in Fig. 3(d).We may assumem(r3)=2 and  r2(x, r3)=/8. Sincem(x)=8, by
counting the chambers in supp(Q2) incident to x and r2, we see n(Q2)15. Corollary 10.7 then implies

r1(x, x2)/4. It follows that m(r1)= 8 and  r1(x, x1)3/4. Note  r3(x4, x)= /2. Corollary 10.7
applied toQ1 implies n(Q1)12. On the other hand, by counting the chambers in supp(Q1) incident to
x and r1 we conclude n(Q1)14, a contradiction.
Assume T is as shown in Fig. 3(f). Then  r2(r3, x) =  r3(r2, x) = /3. At least one of  r1(x, x1),

r1(x2, x) is /2. We may assume  r1(x2, x)/2. Corollary 10.7 implies n(Q2)14. It follows that
m(v) = 8 for all vertices v ∈ interior(xr1). Notice the vertices on r1r2 are periodically indexed by
8, 3, 2, 3. It implies that there are at most three vertices in interior(xr1). Assume there is no or exactly
two vertices in interior(xr1). Then  r1(x2, x) = 2/3. Corollary 10.7 implies n(Q2)10. By counting
the chambers in supp(Q2) intersecting r1r2 we see there cannot be exactly two vertices in interior(xr1)
and hence xr1 is an edge. In this case, there are at least eight chambers in supp(Q2) incident to x, one
incident to r2 but not to x and one incident to r1 but not to x. It follows that supp(Q2) is the union of
these 10 chambers. However,this union is not a quadrilateral, a contradiction. The counting argument also
shows that it is impossible to have m(r1) = 8 (with  r1(x, x2)/2). Hence there is exactly one vertex
v ∈ interior(xr1) and m(v) = 3, m(r1) = 2. Since n(Q2)14 and x ∈ interior(r1r2) with m(x) = 8,
m(z) = 8 for every vertex z ∈ supp(Q2) different from x and the corners. Let C be the chamber in
supp(Q2) containing vr1. C has a vertex v′ = x withm(v′)= 8. Notice v′ ∈ r1x2. It follows that v′ = x2.
Consider the three chambers in supp(Q2) that are incident to v. Two of them are incident to x2. It follows
that  x2(r1, x3)/4. Corollary 10.7 then implies n(Q2)11. One observes that there are at least 11
chambers in supp(Q2) intersecting r1r2, but their union is not a quadrilateral, a contradiction.
For the remaining cases,  r2(r3, x) and  r3(r2, x)/4 hold. In particular,m(r2)=m(r3)=8 andCorol-
lary 10.7 implies n(Q1)12 or n(Q2)12. We may assume n(Q2)12. On the other hand, n(Q2)14
since there are at least eight chambers in supp(Q2) incident to x and at least six incident to r2. A contra-
diction. 
Lemma 10.25. Case (5) cannot occur.
Proof. Suppose case (5) does occur.Wemay assume r2=x3 and r3 ∈ interior(x3x4). Let T1=(r1, x2, x3),
T2= (x, x3, r3) andQ′ = (x1, r1, r3, x4). Then d(Q′)< d(Q) and supp(Q′) is a closed disk. Note T2 has
an even angle at x. It follows that R is a right triangle and m(x) = 2. We claim R = (2, 3, 8). Suppose
R = (2, 3, 8). Then A0/12. Proposition 5.2 applied to T1 and T2 implies  r3(x, x3),  r1(x, x2)/4.
It follows that  r1(x, x1),  r3(x, x4)3/4 and d(Q′)/4. Corollary 10.7 then implies n(Q′)3. On
the other hand, since R = (2, 3, 8) is a right triangle and m(x) = 2, we have m(x)4. It follows that
n(Q′)4, contradictingn(Q′)3.
Assume m(x) = 3. Recall T2 has an even angle at x. Proposition 5.2 applied to T2 and T1 implies

r3(x, x3)= /8,  r1(x, x2)/2. It follows that  r3(x4, x)= 7/8 and  r1(x1, x)/2. Consequently,
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d(Q′)3/8 and n(Q′)9. There are at least 7 chambers in supp(Q′) incident to r3 and at least 2 incident
to x but not to r3. Hence supp(Q′) must be the union of these 9 chambers. However, this union is not
a quadrilateral, a contradiction. Therefore m(x) = 8. Then Proposition 5.2 implies  r1(x, x2) = /8,

r3(x, x3)/2. In particular, m(r1)= 8. It follows that  r1(x1, x)= 7/8, d(Q′)3/8 and n(Q′)9.
On the other hand, there are eight chambers in supp(Q′)incident to x and seven incident to r1. Hence
n(Q′)15, a contradiction. 
Lemma 10.26. Suppose case (6) occurs. Then R = (2, 3, 8) and supp(Q) must be as shown in Fig. 12.
Proof. We may assume r2 = x3 and r3= x4. Let T1= (x1, r1, x4), T2 = (x2, r1, x3) and T3= (x, x3, x4).
Note T3 has an even angle at x. It follows that R is a right triangle and m(x)3. We claim R = (2, 3, 8).
Suppose R = (2, 3, 8). Then Proposition 5.2 applied to Ti (i = 1, 2) implies  r1(x, xi)/6. By the
triangle inequality  r1(x1, x2)/3, contradicting r1 ∈ x1x2.
We claim m(v) = 8 for every vertex v in the interior of r1x3 or r1x4. Suppose m(v) = 8 for some
vertex v ∈ interior(r1x3). Then Proposition 5.2 applied to T2 implies  r1(x2, x) = /8. It follows that

r1(x, x1)7/8 and d(T1)< 0, which is impossible. In particular, m(x) = 8 and hence m(x) = 3.
Since T3 has an even angle at x, Proposition 5.2 implies supp(T3) is as shown in Fig. 3(e). On the other
hand, Proposition 5.2 applied to T1 and T2 shows  r1(x, x1)/2,  r1(x, x2)/2. Triangle inequality
further implies  r1(x, x1) =  r1(x, x2) = /2. Now Proposition 5.2 applied to T1 and T2 again implies
that supp(Ti) (i = 1, 2) must be as shown in Fig. 3(d), with m(x)= 3. The lemma is proved. 
The proof of Proposition 5.3 is now complete.
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